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replaced by C!. Obviously, the time=-co factor
cannot be specified independently in the
problem. Thus, the fixed-time problem with specified
range makes physical zense only for the minimum fucl
performance index, Cy = 0. Moreover, evervy fived-
time, minimum fusl problem can be formulated as a
free-time problem with the time-cost factor O
chosen so as to achieve the desived final time.
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Finally, consider the winimuom fuel performance
index, Cp = 0, with fixed final time znd no con-
atraint on range. This problem occurs in generating
minimm fuel delay maneuvers. Here the tranzsversal-
ity conditions of oprimal control require 4, = 0
(Ref. &) and a particular solution will generally
vield a nonzero H, say Ct’ and some range de
However, this solution will be identical ro the
free-time, fixed-range problem in which §
and d¢ = dy.

¢y = -Gy
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The esgential equivalence of the w
Tems implies we can concentrate, without los

generality, on algorithms that selve the free-final~
time problem,
Selution Based on a Simplified Appreach

We now introduce the approach of Ref. 3 by
assuming that the trajectories are composed of three
segments; namely, a climb, a Ccruise at constant
specific energy, and a descent, as illustrated in
Fig. 2. The cost function {7} can then he written
as the sum of the costs of the three segments.
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:ve Fp oand Ef  are the given initial climb and

final descent energies, respectively. The trans-
formation uses the assumption that the energy
changes monctonically in the c¢limb and descent,
This places strict ineguality comstraints on E, as
shown in Eq. (14}, Also in Eg., (14}, the integra-
tion limits have heen reversed in the descent cost
term. In this fermulation the cost function is of
mixed form, containing two integral cost terms and
a terminal cost term contributed by the cruise
segment .,

With the change in independent variable from
time to energy, the state equation for specific
energy is eliminated, lsaving Eg. {6) as the only
state equation. Farthermore, we note that the
performance function {(Eg. (14}) depends on the dis—
tance state x  only through the sum of the final
values of climb and descent distances dyp + dap-
Therefore, the state equaticn for the distance is
rewritten in terms of this sum:
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Here, the transformation do = dE/E was used again.
Alsa, Eq. (13} provides for independence in the
specification of the climh and descent wind veloci-
ties  Vigp and deﬁ. Generally, d%{fufeqt wind
conditions will prevail in physically different

iocations of climb and descent. The wind velocities
van alse be altitude dependent. The effect of
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where 4. is the crulse distance.

Equation {283}, together wich knowledge of the
salient characteristics of the cruise cost & and
the Hamiltonmian H, can be used to determine the
structural depsndence of rhe oprimum trajectories
on the range.

Crulse cost at s and cruise

V. is computed

cruise energy  Fe
from the relation

speed

MWE LV ) o=

PUT,E ¥ 3V + NV 3 3
e e c w

T =D
congtraints:
L =W

where the denominator is the ground speed in the
fiightpath direction. Examinaticn of the term
contatning i in the relation for the performance
function {14) shows that the value for & should
be as small as possible at each cruise energy in
vrder to minimize the total cost J. Therefore,
crulze-spead-dependence of 3 ds eliminated by
minimizing the right side of Eg. (21} with respect

te Voo

the

(22}

min
v

ifw Oy = £ iR 3 7
A(E_] PITLE_ Y 3/ (V_ + V)

<

In this paper, * and V. are always assumed to
be the sprimem cruise cosr and crulse speed, respec—
tively, at a particular cruise energy Eg.

Frcept in high wind shear, the cruise cost as
a functicn of cruige energy exhibits the parabolic-
like shape shown in Fig. 3, For subsonic transport
alrerafo, the minimum of the cruise cost with
respect o energy occurg close te the maximum energy
poundaty. Thig characteristic of the crulse cost
srevalls for essentially all values of the perfor-
mance function parameters Cp and Cp. The gquanti-
ties iing the optimum crulss condirions are
Beppe and Agpe. Do Egq. (203, the derivative of th
cruise-cost function multiplies the cruise distance.
rept ander exftreme wind-shear conditions, the
derivative iz monotonic and crosses the rere axis at
.+ By observing that climb and descent

def

E. = E.
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cruyise digtance must increase without limit as  E,
approaches Ecﬁp{. Alrhough numerical caleulations
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rapid and dominates the behavior of d.. Figare 4
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where W
averpge ground speed during cruise.

of W oand Vg is desoribed in Ref . 7.
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for a fixed final time

Coyfs the fuel consumption
as redad from the ST locus must be less than the

fuel consumption as read from the SR locus. More-
over, at tye the corresponding range d; on the
5K locus must be greater than the range d on the

L
8T locus., These characteristics follow frem the

optimality of the loci. As the time-cost factor

Cr  is changed over a range of positive and negative
values with range held fixed at dy, the fuel-time
tocus MC{d,) of all minimum cost, free-time tra-
tectories is generated.  The minimam of this locus
with respect to fuel consumption is attained at

Cp = 0 and contributes one point on the SR focus.
Points to the left of the minimum correspond to

Cy O and to the right te Cp < 0. From
drguments in a preceding section {Optimal Control
Formulation), the MC(dy} locus must have one point
in common with the 8T locus; namely, at the time
tyg in Fig., 8B, Furthermore, the two loci must be
tangent at that ime and can have no other points
in cowmon.

paints

time t, is
diflerence

Assume that the specified final
such that  tgr 4 t, 2 tgg. The

t; - tgp is the delay with respect to the minimum
fuel Tinal time. Alse assume that d, s the

shortest digtance from the current alrcraft pos.tion
to the destination point. We now ask whether a
stretched path, say dp - 4 can give lower fuel
consumption than d,. But it follows from the rela~

tionship ii}ustrateé in Fig. & that MC{d .} MO, )
for d. dy and  t, £ tyg. Thus path srretching
is not optimum for L. £ tpg.

Mewt sssume that rthe specified final rime t.
is preater than t,,. There the fuel consumption
read frem the 87 locus st b, will be equal to or
iess than that read from the MO lecus {or all
d o od;y. fr will be exactly equal for the valuye of
d o= d o, nar where the twe locl are tangent to
cach other,  Thus, in order o nimize fuel con-

prion {or t tmas the minimum distance path
af lengrh . should be stretched by the differ-
ence  d. - d.. The detailed shape of the path-
strevteh manguvar is not ¢ritical. However, Lurns
should be dene at small bank angles 5o a8 6 mind-
mize bank-angle-induced drag, which was neglected
in this derivation.

RN

The final step in solving the optimam delay
croblem is to show how  Lpg, the maximum time to
fly « specified range dy, can be computed from the
algoriches developed In the preceding section,  The
Hamiltonian, the state equation, the crulse cost
apnd the tran conditios for the fixed-time
problem with speclfic energy as
vatriable are

sversality

independent
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dr.
q o+ 47, N -
(icrus dﬁ) Q (35}
E=E,
where 1, is a time instant during climb, t,. a

time instant in descent measured positive in the
backward time direction, and ¢ is the time

crus
spent in cruise. To yield the same optimum trajec-
tory, the Hamiltonians of Egs. (163 and (33) musc
become identical. This requires that 4 = -> in
Eq. (16} be zero, or from Eq. (22
CW, +C
. P t -
ME 3 o= owmin - & {30
[ v
v <
¢
At the value of V. = Yoo that minimizes the
opt
operand in Egq. (36), we must have
o om el W (17
. {.tkf (373

But frem Eq. {(34), Qf = @f,zn’ therefore,

Gy = “wafmiﬁ(gc)' When L%}i.‘s expression for Cp is
substituted into Eq. (36}, the minimizaticn operation
does indeed vield 3 = § at the

minimizing value of

Voo Thus, at each cruise energy E. a time cost
computed from
: }ox emin CW FR
Lt(Ec} . it (38)
will vield the maximmm delay trajectory. The trans-
versality coendition {(Eq. (33)} transforms to the
following expression:
o+ d (dR, E J/4E )i =0 39
: c< rmin{ c); c} (3%

Examples of optisum delay trajectories com-
puted by the procedure described here as well as an
alternatative derivation can be found in Ref. #.

Examples of Optimum Trajectories

This section presents several examples frel
znd cost optimum trajecteries. Additional examples,
including the effects of winds and of air traffic
control constraints, are given in Hef. 7.

Minimum Fuel Trajectories. Fipure 9a shows
examples of minimom fuel trajectories for ranges of
100, 200, and 1,000 n. mi. The 1ift, drag, and
propulsion models used in these examples are repre~
sentative of the Boeing 727-100 equipped with
JT 8D-7A engines. The keof f weight is 130,000 1b,
winds are zere, and the atmospheric model Is the
1962 ICAOQ Standard. For the 200-n, both
the constrained-thrust {solid line} and the free-
thrust (dashed line) trajectories are shown, Also,
for the 200-n. range, Fig., 9% shows the corre-
sponding altitude versus airspeed profiles. The
constrained-thrust traiectories for the 100~ and
200-n. ranges contain short ory segment s
pelow the gptimum cruise altitude a0

mi. range,

mi.

mi.

foy
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Fig. 9 Minimum-Tuel trajecrories.
free-thrust trajecteries for the 200-n, . range
is 23 1b out of a toral of 4,800 b, This rela-

tively small difference would seem to justify the
computationally simpler constrained-thrust mo
pecially in an on-board izplementation. The
taricty of the climb and descent profiles for dif-
ferent ranges algo offers opportunicies for
wplifving the on~board algorithm.

es simi-

Evajuation in Piloted Simulater. Freguently
the question ig asked how much fuel use and costs
can be reduced by using on-board {lighrpath opti-
mization in airiine operations. For scveral
reasons, this question 1s not @asy Lo answor.
First, there does aot exist a standard reforence
trajectory for comparison. there
significant variations in flight techniqu
different pilors. Thivd, it iz difficult to
repeatability in rrajectories because of
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te follow trajectories generated in real time by the
algorithm. Three representative trajectories from
these simulator flights are plotred in Fig. 10 as
altitude versus fuel consumed. Note that takeoff
and touchdown altitudes are 3,000 fr and 200 {t,
respectively, corresponding to the altitudes of
runways at the particular city pairs wsed in the
simulator flights.

35,000 T FUEL OPTIMUM
.
L '
30.000 COST OPTIMUM .
75006+ STANDARD AIRLINE :
o 20,000 |- 1
2 {
b
k15000 .
2 i
10,000 | bR
D16 SIMULATOR Yy
5000 STANDARD DAY, ZERD WIND “ .
325,000 b TOW \
(Y

k. |
4000 6000
FUEL CONSUMED 1

9 2000 8000 10.000

10 Standard airline procedure cospared with
mi.

Fig.
fuel- and costwoptimal trajectories, 220-n.
ran A

The fuel congumed and flight time for the stan-
dard airline procedure were 9,500 1b and 37 min,
respectively., Cruise alvitude was 24,000 ft. The
fuel-optimum trajlectory climbed steeply and more
slowly to 32,000 fr, whereupon it began immediately
an idel-threst descent. The fuel consumed and the
flight time were 8,750 1bh and &2 wmin, respectively.
The fuel zaving of 750 1b, or 8% of total fuel, is
highly significant in girline economics where sav-
ings of enly 1% are considered important, On the
other hand, the increased flight time may unde-
sirable, but reflects the fact that the cost of time
is agsumed to be zero in the fuel optimum case. To
eliminaste the time-fuel trade~off from the compari-
song, & cost-optimum trajectory was flown with the
time~cost factor € selected so as to achleve the
same Flight time, 37 min, as the standard alrline
procedure.  This trajectery required %,130 1h of
fuel. Thus, even at fixed arrival time the optimum
trajectory redoced fuel consumption 350 b, or 3.7%,
relative to the airline sctandard procedure,
the fuel consumption difference at fixed arrival
time provides a wselwl messure of the efficiency of
an airliine flight procedure. Fuel gavings on
longer—-range flights were similar in magnitude but
less when expressed as a percentage of total fuel
consumed,

be

Pilots judged the optimum trajectories {lown
with the aild flight director no more difficult
to fly than the standard procedure. Thev considered
the cost~eptimization fTonture an essential element
af o furure on-hoard system. Variotiong this
algorithm have been incorporated in periormance~
management svetons being built by avionics
manufacturers,

of a

s f
A3}

seversd

Clearly,

Terminat-Area Flightpath Management

Terminal-area flightpath management problems
are conceptually and analytically more difficult
than the en route problems dizcussed in the preced~
ind section, Thelr complexity arises from the
dynamically more complex models required for synthe-
sizing efficient and flvable trajectories. The
synthesis problem can be stated as specifying an
algorithm for generating a trajectary from an
arbitrary initial state vector {Xi,Yi.hy,H;,Vy) to
a final state vector (Xy,Yy,by,He, Wyl This
go-called capture trajectory problem is illustrated
in Fig. 1i. Note that in the figure the final peint
lies on a backward extension of the runwav center-
line and thiat the {inal heading is equal to the
runway heading. The distance from the final point
to touchdown is pilot-specified. The capture algo-
rithm must synthesize efficient trajectories
rapidly and without failure for a wide range of
initial and final state vedtors.

B K Y by Hy G

.. CARTURE TRAJECTORY

SCAPTURE POINT
Py I Yo by WV

1

Fig. The capture trajectory problem in the

terminal area.

At the present it iIs net feasible to implement
the optimal control selution for this five-state-
variable problem, as we were able to do for the
one-state~variable en route case. Nevertheless,
optimal~contral theory plaved a crucial role in
deriving the algorithm, It was first used to derive
the structure and characteristics of extremum tra-
jectories (those that satis{y necessary conditions
of oprimality; see¢ Ref. 4} for two reduced-order
subprobiemg of the original five-state-variable
problem. Then some of the derived characteristics
were incorporated in the design of the algorithm.

Thusg, the first step in deriving a practical
algovithm is to separate the synthesis into two
essentially {ndependent problems that can be solved
in seguence, The first consists of synthesizing a
horizontal plane {(two-dimensional)} trajectory that
connects the dpitial position and heading (Ki,Yi,Hi)
ter the Tinal pozition and heading (Xf,?f,ﬁf). The
second consists of synthesizing airspeed and alti-
tude profiles that connect initial and final speeds
and altitudes (Vi,hy) and (Vg,hyJ, respectively,
zlong the known horizontzl path., This technigue
was described in Rel. 10 In connection with a study
of four dimensional guidance and has begn refined




several times. 0% Although each subprobluom is
independent Iy optimized, combining the !
from the twe subproblems does not generally yi
eptinum solutions to the eriginal problem.  Sover-
theless, trajectaries for the most freguently
encountered conditions have been found to
pive perf reasonably the aptimum,
Mast Jr'ig)—\xz(.;'mt.!y, pitoted simalations and §light
testy shown that Lhe efficiency of the computed
trajectories that of pilot-generated flight
paths,
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obtained from Bg. (44).  For a V/ETOL alrcvaft with
thrust vectoring the problem is more complex, In
thig case, the Introduction of o second criterion,
which minimizes the thrust deflection angle for
vach epecified encrgy vate, helps to generate the
remainder of the attainshle encrgy rate region.’’

fn oa practical implementation of this procedure
fur o vectored-thrust STOL aireraft, the functionsl
relitions between the energy rate and the optimized
vont rols are precomputed and stored in the on-board
computer in multidimensional tables.'® Interpola—
tion of entries in the rables determines the optimum
controis for specified values of energy rate, air-
specd, altivude, amblent remperature, aircraft
weight, and bank angle. By nondimensionalizing and
combining some of these variables, the storag
requitement for the tables was reduced to only

starage requirement would
a ceonventional jeb trang-
port aireraff. version of these tables
{or the STOL sircraft examplie is piven in Fig, 12
A% plots of maximan and minimen energy rate
and I versus the eqguivalent sirspeed.
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Aftey developing the methed for selecting the
controls, we ¢an now proceed with the synthesis of
the profiles. In principle, this problem is identi-
cal to the fixed-range, en route problem previously
solved. However, the short ranges and variety of
aperaticnal constraints characteristic of terminal-
area flight iustify a2 simplified approach based on
matching the geneéral characteristics of optimum fuel
sirspesd-altitude profiles. We briefly sxplain the
sd with veference to descent,
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constant altitude,  Howsver, obstructions and noisze
restrictions along the approach path usually do noet
permit level~{light deceleration at low aititude.
instead, the deceleration is performed in shallow
descent or in level flight at altitudes between
1,060 and 2,000 {t above the rurnway.

Te provide flexibility dn the shaping of the
profiles during simultaneous deceleration and
descent, families of decreasing (and by extension,
increasing) energy profiles arve genevated as a
function of twe parametersg, o and . The f{irst
paramcter, 0, selects the fraction of minimums
{maximum} aveiltable energy rate, énmin* {Enmax} Lo
be used for decreasing {increasing) energyv. The
values of ﬁﬂmjn and ﬁnmnx are precomputed and
stered at each indicated airspeed, as previously
explained, The second parameter, o, determines
the fraction of the selected energy rate o be used
for deceleration {acceleration). Then, for particu-
tar chaices of o and ¢, the energy rate, airspeed
rate, {lightpath angle, altitude rate, and ground
are computed as follows:

L= ;Enmin . 8o o2 g (45)
\ng;éﬁn, 0% o<} (46)
vo= (L~ e)E (47)
b= vy €483
o=V ocos v o+ Vw (49)
Note that ﬁnmin < 0 and = 1 provides deceler—

i
ation without descent; ¢ = 0 provides descent with-
out deceleration; and 0 < ¢ < 1 provides simul-
taneous deceleration and descent, Minimum fuel
descent at alvitudes nearly the same as landing
altitudes usually reguires following the tnmin
contour in the energy-rate tables., Thus, the opti-
mum value of ¢ is unity, However, for some air-
craft, such as the vectored-thrust STOL type men-—
tioned previcusiv, the optimum value may yield
energy rates too negative for safe cperation., A
value less than 1 1s also necessary to reserve a
margin for closed-loep contrel along the computed
sath. A practical upper limit for < is about 0.9.
Furthermore, maximum deceleration and descent limits
are alse enforeced during profile synthesis.

The structure of the profiles is modeled after
that in Fig. 2, except that an additional constraint
is imposed, An aircraft flying in the terminal area
is generally not allowed te climb above its initial
approach altitude hy for the purpese of optimizing
the trajectory. Rather, it must held this altitude
until starting the descent for landing. However,
while {lying at altitude hy, it may chsnge to a
fuel-efficient terminal-area alvspeed V.. For the
STOL sivcrafr, Ve # 140 and for a jet tramsport,
such as a 727 Y. v 240 knots 1AS. Another cri-
terion for choosing V¢ is to meet a specified
landing time, as vequired in four-dimensional
guidance applications,

The various rules above can now be comnbined
to generate complete profiles. The synthesis begins
with the backward time integration of Egs. {46},
(4B, and (4%} from Tinal conditions hy. Ve, using
apecified o and ¢. 1If the altitude reaches izs
get value of by befors the airspeed veaches its




target value of Vi, we sel « = | and then cona-
tinue the hackward time integration until the air-
speed has also achieved its target value, ¥When
setting ¢ = 1, the fiightpath angle Is forced to
zere and the energy rate is used entirely for accel~
erating (in backward time) toward V. On the other
hand if the airspeed reaches its target value before
the altitude dees, we set @ = {, This stops the
airspeed change and causes the energy rate to be
used entirely for increasing the altitude toward its
target value of hj. When the sccond and last
variable reaches its target value, we set o = 0,
that is, En = 0, thus completing the backward time
integration. Next, we begin a forward time integra-
tien from the current aircraft position to get the
distance required to change speed from V; to V.
with < = . Let the distances for the backward

and forward integrations be dyy and diy, respec-
tively., A valid trajectery has been generated if
the cruise distance d., computed from

d. = df - dyy =~ dyjf. is nownegative, that is, if

d. < 0. If de is negative, the synthesis has
failed, because the aircraft is too c¢lose to Cthe
ciapture point Py, For purposes of on-board imple-
mentation, the important feature of thisg algerithm
is that it synthesizes an efficient rrajectory in &
single integration.

Figure 13 illustrates the various segments of
a synthesized approach trajectory for a S5TOL air-
crafe, with ¢ =1 and ¢ = 0.3, We assume for
simplicity that Fup. . = -0.13, a constant, Other
parameters are indicated in the figure. DNote that
the initfal descent at v = -7.5" reduces to
v o= ~3.75% in order to allow the aircraft ro decel-
erate to the landing speed of 100 ft/sec.
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Fig. 13 Example airspeed-altitude profile Tuor a
vechored-thrgst STOL ajrcrafo.

The algerithm alse corrects the airspeed decel-
eration for known wind shears, which are computed
from a knowledge of Vi (h} if avaituable. The wind-
shear correction factor is

SEom - {dV fdh)vy
W

which is added to the right side of Eq. (46) to
obtain the wind-shear-corrected airspoed rate.
Furthermore, the reference controls are correctbed
for the effect of nonzeros bank angle on induced
drag by modifyving the welght in the lift equation
as follows: L = W/eos &,

Integration time-steps vary during synthesis.
PBuring turns, decolerations, and seceleorations it
is 1 sec; during altitude changes at fixed speed
and heading it is 3 sec, Total time for synthesiz-
ing a complete trajectory censisting of a complex
herizontal path, such as that shown in Fig. 16 in
the Appendix, and an airspeed-altitude profile,
similar to the one shown in Fig. 13, is aboutr Z seco
on the particular airborne computer used in a
recent [light experiment. This computer has an add
time of & usec and a multiply/divide time of
24 usec, When the trajectory synthesis Is time-
shared with navigation and other necessary computa-
tiong, the computing time increases Lo about 6 sec.
Noncirceular Capture Trajectories

The computaticnal simplicity of the preceding
algorithm depended on the a priovi separation of
the synthesis problem into (nearly)} independent
solutions for the horizontal paths and alirspeed-
alritude profiles and on the choice of simple geo-
metric forms for horizontal paths. Recently,
¥reindler and Neuwman®” studied fuel~optimum capture
trajectories under less restrictive conditions,
for trajectories containing a 7airly long straighe-
line segment between the initlal and final turns,
they found that the extresmum trajectories had
approwimately the following characteristics. As
before, the alrgpeed in the straight-line segment
tends to be close to the minimum~fuel-per-unit-
distance speed. However, the f{inal turn is {lown
at maximum bank angle while the aircraft is decel-
erating to the landing speed. Eqoation (40) shows
that the resulting turn is a spiral of decreasing
turn radius, For turns with large heading changes
(- 180°) this saves fuel by reducing the time and
distance {lown.

The horizontal capture algorithm for circular
turng can be used dn several steps to generate
approximately constant-bank~angle spiral furns, as
shown in Ref. 18, The methed is illustrated in
Fig. l4. For simplicity, assume that the initial
turn has fixed turn radius Ry, Using Eq. (40}
calculate R, at Py for a bank angle a few
degrees  5¢  less than  dyy, and Vg = Vi b ¥,

a
*
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P
Fig. 14 Dllustrating construction of nenciventsr

final tarn.
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Vi is the wind-speed component in the
heading direction,  Then calculate the circular
horizontal path with Tinal tusn radius Ry = R,
Rext integrate the altitude, and range egua-

whirre

speed,

tiens, Eas, {463, (473, (48Y, and (49) hackward
from Proountil the ground speed V,  1s such that
Imay with radius R, This cumpletes the [irst

SLep. ,L that point compute a new and larger turn
radius R uging VYV, = V. + V., where V. and V.
are the alrspecd and along~track components of the
specd vector at the end of the first step.

Then apply the civeular-turn algorithm & second

time and resume the backward Integration. Continue
stepping the turn radius until either the cruise
speed is achieved or the heginning of the final tumm
ig rveached during the backward integration. In the
sple of Fig. 14, Tour such steps weve nocessary.
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Svsrem Implementation and Flight-Test Results

on~buoard
£y

The of the svstem is
the first mede,

new trajec-

implementation
based on modes of operation.  In
referred to as the "predictive" mode,
tories are synthesized one after the other as
rapidly as possible. Upon completion of each syn-
thesis, the svstem checks to dcxerm;qo whether the
piler hag called for the second, or "track” mode to
be engaged. IFf such is the case, the predictive

mipdi s terminated.  Then the most recently synthe-
sized is regenerated and tracked in real

trajectory
5

time by a closed-loop g Liaw,

uidance

The pillot activates ihe sredictive mode by
sglocting a waquiﬂL to be captured on a fixed tra-

jectory, which ig prestored. Synthesis of the cap-
ture br ‘ct()ry hegins after the sigation gvstem
has cemputed the current position and velocity com-
ponents of the atrcrait. The first step in the

synthesis computes the horizonval trajectory pavam-—
eters; it is alwavs successful, The second step
computes the airspeed and altitude profile; some-
times it can fail. For example, if the horizontal
path is very short and the difference in energy
betwean imitial and final positions iz large, a
{lvable trajectory along that path may not exirt.
However, a failure te svathesize is unlikely in land-
ing approaches Indtiated s miles from the
capture point, the usual . 1f it accurs, a
diagnostic message ig display the piler indi-

versl

situation

cating the reason for the failure. After a fallure,
the algorithm auto catly repeats the synthesis

and velovlty vectors.

process, using updated position

Also, the pilot can always correct the failure te
synthesize by flving the aircraft awsy from the cap-
ture point or by selecting a more distant waypoint.
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was refreshed approximately every 6 sec. With the
new generation of airberne computers, the refresh
rate, which is determined by the speed of synthesis,
can be Increased te a more desirable once-per-second
rate. When the aircraft reached P, the pilot
elected to engage the track mode, causing the last
capture trajectory to be frozen and redrawn as a
solid line on the MFD. At that time, closed-locp
tracking of the frozen capture trajectory was
initiated.

Iz should be noted that in the track mode, the
synthesized trajectory is net refreshed, theugh
this may be desirable if winds or transients in
navigation introduce large tracking errors. The
software of the on-board operating system has heen
configured to add this capability in the future.

Closed-loop tracking is performed by a pertur-
bation guidance law $pecifically designed to operate
in copcert with the output of the trajectory synthe-
sis algorithm. VPerturbarion states in the feedback
Taw include errvors in airspeed, altitude, flightpath
angle, and cross~track position. Controls are
thrust, thrust angle, pitch, and roll angle. The
feedback law was designed with the help of guadratic
optimal synthesis techniques and thus differs in

Peveral respects frem conventional autopilots.

Petails of the design for a vectored~-thrust STOL
aircraft are given dn Ref. 17,

A powerpd~1ifr, vectored-thrust STOL aircraft,
referred to by NASA as the Augmentor Wing Jet STOL
Research Aireraft, was seiected as the test vehicle
fer evaluating the cancept, £ This aircraft is
equipped with & general purpose digitsl computer
and flexible navigation and contrel systems. The
complex aercdynamic and operatiomal characteristics
of this aircraft presented majer challenges in the
degsign &8 well as opportunities for demonstrating
che value of automated flightpath management. One
test seguence compared the fuel consumption of a
synthesized and a pilot-flown appreoach trajectory.
Both approaches began at the same initial distance-
to~touchdown {40,000 ft}, airspesd (140 knots), and
altitude (3,000 fty. The pilot~flown approach was

made with the aid of a flight director systenm. The
automatic appregch consumed 381 Ib of fuel, and the

manually fiown one consumed 500 I%.  The gifference




between them is considered falrvly representative
over 4 wide range of initial conditions.

Concluding Remarks

Trajectory aptimization oocurs as an essential
step in the design of on-board {lightpath nanagement
systems. Optimal contrel theory provided the ne
sary analytical! framework fov gaining insight into
the characteristics of efficient solutions and {ur
unifyving diverse problems. However, the derivation
of practical on-board algorithms was moere strongly
dependent on physical reasoning and on judicious
simplifications of the problem than on exact fmple-
mentation of optimal-control thﬂry. In gractice,
the critical test of an algorithm ls net whether it
is optimum in a mathemsrically precise sense, bul
whether 1t can conslstently outperforas s compeli-
tor, who in this case is the unaided pilot. Simut
tien and {light tests have shown that both the
en route and the terminal-area algorithnm mect this
criterion.

LR

(A

Nevertheless, since the techniques described
here are {ivst-gencration solutions, opportunities
are abundant for fuerther improvements in performance
and for automation of other difficolt pilot tasks.
Chief among such tasks are following behind an air-
craft at a gspecified minimum distance and merging
smoothly into a stream of aireraft on Janding
approach. Attention also needs to be given to
integrating the ean route and terminal-area flight~
path management algorithas.

The porential for computer-directed trajuctory
maragement in military applicaticns ls widely recog-
nozed, but en~board algerithms that cutperis Kk

experienced pilot in, for example,

combat situstions are far more difficult to obtain.
In the near term, promising areas for appliying the
approach developed heve are in anremaved guidance

of remotely piloted wvehiclies and in noncowbat f31ght-

path management.

T

sical alr-

Appendiy

The expressicens for synthesgi
capture trajectories for {lvin
given initial position and hes
final position and heading in a
are derived below.

from 3

a specified

distance

Turn-sStraight-Turn Trajectoeries

The turns are aves of circles the stralght
portion of the trajectory must be tangent to the
initial and final <irvcles. Since the initial and

final turns may be either clockwise or counterclock-
wise, there are four possible combinationg of turn-
ing directions, owo with the initial and fingl turns
in the same direccion and two with them in pasite
directions. Figure 16 illustrates one s

eaxch type, 1§ a given paly uf cireles is irely
sepavate, that iz, I no part of one cive les

within the other, i
gant lines between
along the tangent

circle coincides wi
toth tangent points
Yimes as ghown in the

X, ¥
INITIAL INITIAL
POSITION POSITION
BUNWAY ey (NITIAL ¥
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CENTERED Ryiiy : PN :
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system 1Y ey e S b
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TURN
{a} Wl

Fig., 16 Turv—straight-iurn cases,

v, the final position and the origln
of the courdinate system are located on the rubway
centerltine; however, the derivation is for
locaticns., Furrhermore, all variables are def
00 that rhe derivation applies te 2ll possible
combinations of turning direotions.

ined

5 Tor the case in which bath turns
rection, and the Langent vector

3 : fhh, the turns are in
G itially
inertial Car-

Figure i6a i
are L0 the same
I does not oress Q) in

crusses (.

oppusite directions, and

the aireraflt is at X;,Y;

tesi coordinate omowith beading Hy, de
g9 positive olo from the Xeaxisg, Py,
a unlt vecter in the direction of the velocity.

The vectur distance l'rw (%5 JYid to the center of
the turn is given by U Ry where R, s the

s s

adius
of turn, and U, is a4 unlt veotor aermal to
and positive to the right of V.. Thereforsy, the
vector from (X5.¥3) to the cenver NC,,VU,) s
K., foroa 2Bt turn and -R, U for a lefo turn.
The directions of Uthe turns dare scceounted for by
writing the radius vector as R whers §, = 41
{for vight turas and 5, = -1 turns.  Simi-~
is denpoted by

The aircraft seps along the circle {rom
£X;,¥3) to the rangent point {X.,Y:}, which lins a
radius vector R 9,U. . The taagent vector from

..,Y_) at the end of the initial furn Lo (3\13,"

at the begl e final tern is . The
radius vector at E) iz i bBut singce U
nd U marsl be te b, 5+ Likewise,
vhe headings  H. .ooat ot

i

radius vootor

thiz notal bon we can write

I
=
[and'}
o
A




and, therefore, since I and U, are perpendicular,

DB =207 - (RS, - R;5,)° (A2)

where by definition

g 1@l = JOXC, -~ XC, ) 4+ YC, - YCL) {A3)

It can be seen from Eq. (AZ) that no real solution
exists if ¢ < [R.§. - R,8,|. When the turas are in
apposite directions, S; = -5, and there is no real
solution for ¢ < (R, + R, }, that is, if the circles
intersect. On the other hand, for rotations In the
sume directions, 8, = §,, and a real solution exists
unless O < 'R, - R,{, that is, unless one circle
ties entirely within the other. From geometric
construction it can be shown that there always exist
at least two real soluticons. From the definition of
the radius vectors, one can write for the real
solutions:

_ ~R,8, sin Hj
R,U.8, = (A&}
Rlﬁl cos Hy
and
- XCl N xi
&15151 = (AS)
XCE - Yy

Equating Eqs. {A4) and (A5} gives

XC, = X, ~ R85, sin Hi
(AB)
¥C, = ¥, + R;§, cog H,
H i H i
Similarly,
X, = X, - R.5, sin H
. f (A7)
e, o= Yf - R,5, cos Hf

The radiug vectors at the tangent points can be used
in the same manner to compute the components of
¥, and X

X, = XC_ + R,5, sin H, {ABa)
¥, = YO, - RS, cos H {ABh)
X, = XC, + R,5, sinp H, {A%a}
¥, = YO, « R.5, cos Hy (A9L)

Subtracting (ABa) from {A%a) and {A8h) from (A9%)
gives the components of Dt

M, - X, = XC, - XC, + (RS, - R,§ Jsin K,
(A1D)
Y, ~ ¥, = Y0, - YO, ~ {R?S? - RLS:;)CGS H,

Ancther expression for the components of D ds:
Ayo- A, = D ocos Hy

(411}
Y, =¥, =D sin M,

fpuating the correspending palss in Egs. {AID) and
(ALY gives

D cos H, = (XC, -~ XC} + (R85, - R, S )sin H,
D sin H, = (YC, ~ YC}) - (R85, = Rlsl)cos H,

(A2}

Equations (A12) can be solved for the tangent of
H.:

{(YC, - YC,3D ~ {R,S,
C, < XD F (R, 8,

- R,S,){XC, ~ XC,)
- Ry 5,000, - ¥C,)
(A13)

tan H, =

Equations (A6)~{A9) and Eg. (Al3) completely specify
4 capture trajectory for any combination of $, and
5,. However, the length of the trajectory is alsoc
needed ia order to determine which of the feasible
trajectories gives the minimum distance. The first
turn angle is

TR, = (H, - H;) + 27,5,
where

0 if § (H, - H;} 2 O

c, = (Ald)

Lif S (R, - Hy) <0

and the second turn angle is
TR2 = (Hf - HZ} + ZﬁCZS

where

0 if 5 (Hy - H#,) 2 0

g, = {a15)
LAf s, (Hy = H,) < 0

I

Finally, the total length of the capture path is

. D] + R |TR | + R, [TR,| {416}

Turn~Turn~-Turn Trajectories

There are at most four turn-turn-furn-type
trajectories for the horizontal-capture problem;
namely, two each of the right-lefr-right and lefr-
right~left patterns. However, we eliminate two of
them by requiring that the middle turm exceed =
radians.?

The problem is illustrated in Fig. 17 for the
right-left-right pattern. The vectors in the f{igure

£
"3 V3 Tu;NL

HHTLAL
TURN

SECOND TURN

Fig. 17 Turn~turn~turn case.




arv defined as before, recognizing that in this case TH = (4 - 1 3 ¢ (AT
S.0= 5. Tu gatisfy the roquirement that the middie l ‘

turn exceed o radians, its center must bhe oon the

apposite side of {} from the stralght segment of

the right-srrafghteright solution shown Yor compari- [ T i

soft. Furthermoere, ne three-are solution exists Tor L, = ! ) -

¢ R, + R, + IR,. P Al - s

Let  Hy be the heading of A{:}“ de{ined In the

< . - ) ; A (AE
text, and define a unit vecror Voo with heading e

angle, H,  as Follows:
2 whe rue

Then ¥ is perpendicular to g and points in tho {2 UL DR O D ¥
direction of flight where § intersects the cirele
of the dnitial turn.  Torm the Toaw of cosines

The total Tespth of the trajeet Is theretfare
QT+ (R4 Ry - (R, R . o
s A = N L % ) - (T g, = B TR, + ®ROTR,, 4+ K TR {4293
i oo = — A 7 § H H
3G (R, + R.) ot
The length of trojuctories abE teanible

[ + R wirs of 8, and 8 i snd the trajectory
cuy BY o= e e {ALE) with the shortest lungbh s selected. & FORTRAN
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