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and t urus t T, i r it r clnt cd qucntr t v , t.Irro t t l c
setting Th.is is thl' ~(J-cal]ed cnt'rgy-stdt'·

odel , vht , h IUS been usod in trajectory
opt irni z.a t i \1'1 probIems . Its utility d;:'.jjtnds

fit r-elv on the- na t ur e 'f the application. the
quasi-slcildy t r.r jec r.or f cs commonl v found in C j i rsb ,
crllisc, and descent of tranSDort aircraft, the
ene r gv-x tat e modol provides es occte t ly ~;implc

«n-bca r.J ,11,:ori.l"nms , as we shall sec.

In pre\)j>,us section, che most i.mpor t an t per-
rm.mc c r i r cr ia t ha t ar i s , on-bca rd fl Lghrpa th

mana aeraen r we r e enumerated. These criteria c t ! l be

shown here to be cs scn t ia l Ly equ i va l on t when f o rma­
ar ed as problems in .pt i ma l conr r o j .

Consider fLrst the minimum-cost criterion with
specified r.lnge to fly and no explicit constraint

on flight time. This criterLn can be written as
;In intcIgr,,] c( c;t function:
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;;;;;:C(Tknt - rob Lem, In air} 'peLot 1, ''is j I.

;'J'refa) LJ,'vd that the raos t us etu) pcriortnanc c
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(lptimizing the en route case.
studied in the next section.
flight, verticil and ru r-n ing ;lneU\i.'rs tend ti' ')ctur
sLsU]LH1t'(H)sly imd 1.n comp;lrab!e time intolval",.
n us the 0Vrldm:lcs of both types ()f 'Ti\Jtliln must be

led Ln trajectory t,)ptimizatiun. This m, ro dif­
ficult prohldYi 1s studies last. A1ttHlugh s'iulLm
[" both "'rob!cms havi' been c)rcied inli' simulilCinn
and flight tests, the ~erging of the ]utians
reqUired ir' :l full-mission fIightpath ;HugdJienl
system r"cmains tel be dccomplishr:,j.

Lc Is c.mvcn Lcnr to cepardLe t ra j ecr o rv prub-
a n to n,.';' las s c-s ; namc l , cr' r c.ut e problems

',,;'itL iLf ghtp.r rh., longer them app roxLma t e l v :JO n . mi.
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SO "). mi . In en HHJte fJight, the paths art' pre­
dominantly long seeti'>ns of straight lines wiLh
negligIble percentage ·)f the -light time spent in
turns. Thu:'-" tu rn r ng dyn:w1ics em be ncgl cc t ed and

vertIcal ane dvndmics need t~ be modeled In
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if thcs c (.'onst:)nt,"; (',nrc!:s('S t t.e h'cll-·k'i"wH Lwr'
point boundar v ";1\)( pr'"b ,'1'1 pti rr.aI (:;.,tl""l.
Thv s olur ior, thi, r-,,]'] w i j] bf ;nUres ;('() in
the next s ect ion Bcc,u<c 1.1:(' firLil t , ur.ron-.

s t "lined , the Hami t on .tn ,hc\" thr- c':1Cliti'H1

fora]] r . \otf-tiHt'F: fmHti"c'ti"le
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Hovev c-r, it i.S ni,t 1h'CC'C ;~;}r~>- tC< j,-,tf""r-,jtc Lq. (9',

along the traj tc.rv to (,j -E\E). E:Ujtll'" (11)

provides a first intC\!J!] and vhc» corub i.ncd with
Eq . (8) yields 'F "lgebr-'ji(;l]ly.
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Fig. AssufTic'd structure of optimum trajectories.

where is a tant'r- each t ra j ocr orv but
for constant oh rainod for a pa r t Lcu l a r
fixed-time optimum tlajectt ry, ene can define
C~ ~ Ct - Ct and consider the same tr"jectory alsl'
to be a solution ef the free-time problem, with Ct
replaced by Obviously, the time-cost factor
cannot be independent l y in the fixed-time
problem. Thus, the fixed-time problem with specified
range makes physical sense only for the minimum fuel
pe r-ro rteance index, Ct '" O. Moreover, every fixed­
time, minimum fuel problem can be formulated as a
free-time problem with the t i.me-ecos r factor Ct
rho s en so as to ach t ovo the desired final time.

Finally, consider the minimum f ueI performance
index, Ct ~ 0, with fixed final time and no c on-:
s t r a t nt on range. This problem occurs in generating
minimum fuel delay maneuvers. Here the transversal­
ity conditions of optimal control require - x '" 0
(Ref. 4) and a particular solution will lly
yield a nonz c ro FI, say i\, and some range
However. this solution wt l I be identical to the
free-time.~fixed-nIl1geproblem in which Ct '" -(\
and df '" d f ·

The essential equivalence of the various prob­
lems implies we c an c.onc en t ra r e , without loss of
generality, on algorithms that solve the free-final
time problem.

(14 )

where Ei and Ef are the given initial climb and
final descent energies, respectively. The trans­
formation uses the assumption that the energy
changes monotonically in the climb and descent.
This pteces strict inequality c ons t rc.Int.s on s , as
shown in Eo . (14). Also in Eq . (4), the integra­
tion limits have been reve rs ed in the descent cost
term. In this formulation the cost function is of
mixed form, containing two integral cost terms and
a t e rmina I cost term contributed by the cruise
segment.

With the change in independent variable frum
time to energy, the state equation for specific
energy is eliminated, leaving Eq , (4) as the only
state equation. Furthermore, we note that the
performance function (Eq . (4» depends on the dis­
tance state x only through the sum of the final
values of climb and descent distances d u p + ddn­
Therefore, the ct.ar c equa rt c.» for the d t s t anc e is
rewritten in terms of this sum:

Solution Based on a SimpIi~ied !lpproa~.b.

where de s t gna t cs the cost of cruiSing. cit a ven
specific energy Next, we r r ans ror-rr, the inte-
g ra I cost terms in (13) by changing the i octepcn-
dent variable from t r rae i i t c en e r gv , us i ng
the t r an s f o rma t t on dt

We now introduce the app roa ch of Ref. 3 by
assuming that the trajectories are composed of three
segments; n2m~ly, d climb, a cruise 2t constant
specific energy, and a descent, as illustrated in
Fig. 2. The cost function (7) can then be written
as the sum of the costs of the three segments.

(j S)

+" ) I I f-" i"wdn (: "i
+

Here, the transformation dt dElE WdS used aga t n .
Also, Eq , (J5) provides for independence in the
specification of the climb and descent wtud veloci­
ties Vvcp and Vwdn' General Iy , different wind
conditions will p r ev a i I Ln physically different
locations of climb and descent. The wind vcl oci t j e-,

can a l s o be altitude dependent. The effect of
a l t i t.udc-cde-pendc-n t winds "1'1 the opt.Lrnum t ra jectc!rics
is discussed in Ref. 5.

Neces s a rv conditions for' the mi ni mizat ion 0

Eq. (lL;), subject ro the state equn t i on U:>;, (J5

yi.eld the f,-llowLng cxpn'~:.si()ns ror- the rt.uni t ton an
:Ind cost"tc equations, rcspcctivclv'

( 1 3)

descent cos t

t+ P cit

~---­climb cost



(9)

(20)

(22)

(21 )
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min

"'c

If ),,, c

is the cruise distance.d c

which, when c .. a l ua r ed becomes

where

Equation (20), together with knowledge of the
salient characteristics of the cruise cost and
the Hami l t on i an E, can he used to determine the
structural dependence of the optimum trajectories
on the raugc .

Cruise cost at a cruise energy Ec and cruise
speed Vc is computed from the relation

where the denominator is the ground speed in the
f l i gh t pa t h direction. Examination of the t e rm
c ont a Ln Lng in the relation for the performance
function (11+) shows that the value for should
be as small as possible at each cruise energy in
order tc minimize the total cost J. Therefore, the
cruise-speed-dependence of is eliminated by
minimizing the right side of Eq . (21) with respect
to Vc :

In bot.u the' rh. lC,' ot ,\ cos r a r c det er>-
~ines p:,rtlCli!r rallgc. $ince the functiunal
r ela t ionsh l p j'ct'",ei'n th,·:.:' r i ahl es c.moot be
derc rnLncd in luc;,,(] turn. it is necessary to .i t e r ->

u.c on the c os r r t e v.rlue tn -rd cr t o achieve a
specified range cli.

rhe las r. necessary coud i r ion app ljrab Le to
this furmulation is obtained by making use of the
fact dut the final value of the rime c-Li ke indepen­
dent. variable E lS free. Its final value is t~e

upper limit of integration Ec in Eq. (14). Appli­
catiin of the free~final-time transversality condi­
tion in R(~L 4 prcv Ldes the fol loc Lng condition:

- d
up

(If)

( 16)

o

=od ,x "'d
up dn dn

, dn

+- 'K- I\H/.r. /dF:

dn

( [8)

xext \>i(, examine the r reueve cs.a l t t.v conditions
Ipplicable to this formulation. The basic con-

s t ra int in this problem is that the range of the
t r aj e c r o rv be df. Howeve r , d f is a
the transformed cost tuoc r ton , Eq . \14 , and
s r c t c va r iabl e . The f Lna l. value of the state
variable is, in this t o rrnu La tton , sub-
ject only to the I i t v constraint dup+ddn:::df'
This cone t r a t.nr is, of course, necessary for a
physically meaningful result. The inequality coa­
st,aint can be handled by solving two optimization
problems, one completely free (dUD + ddn < df), the
other constrained (d u p + ddn. '" df), and then choos­
ing the trajectory with the lowest cost. Physically,
the r ompa r i s or, is between a trajectory '>'<lith a cruise
segment, and one without a cruise segment. C()nsLd~

e r ing first the free~tenninaJ-state case
+ .c df' we obtain the following r e LatLon for
fina value of the costate

rh" fbmi 1t on ian is minimized with respect t.o

U",) p.r i.rs o r con t r-oI vnriabl es , one pai r ;1pplicable
to ] i.rnb and and the «her to descent

and dn tha r t h ro t t l e-ose-t c i eg
t h.m r : rust Ls used dS a control variable.

Ln gt,lL'Ld. thrust and fuel flow are nonlinear
functiclns of as well as of altitude, Mach num-:
ber, and t cmpe rat ur e . Since each term under t he
rat o Lai.aac tc.i. cpe ru r o r in Eq , (16) coata i ns only one
of the two pairs of control variables, the minimiza­
tion simpli.fics into two independent minimizations,
-n c Lnvo Iv ing climb controls, the o t.he r , de s c cn t

contruls. Also, since the right-hand side of the
costate equation CEq. (17») is zero, is constant.

This i~ the transversality C(lndition for the free­
findl-sLJte problem with r crm i ua l cos c . It Sh1WS

that the cons tant cos ta t.o va l ue is the n eg.i r.Lve of
the cruise cost.

In this paper, ,\ and Vc are always assumed to
bi" the optimum cruise cost and cruise speed, respec­
tively, at a particular cruise energy Ee .

Except in high wind shear, the cruise cost as
a function of cruise energy exhibits the pe rabo l.tc-.
1 ike shape shown in Fig. 3. For subsonic transport
aircraft, the minimum of the cruise cost with
respect to cne r gy occurs close to the maximum energy
uc.und.a rv . This cba rac t e r t s t rc of the cruise cost
prevails fur essentially all values of the pe r to r-.
manc e function parameters Cf and Ct. The quanti­
ties defining the optimTh~ cruise conditions are

and In Eq , (20), the derivative of the
tiun multiplies the cruise distance.

Except under ext r erne wtud-shea r conditions, the
derivative is monotonic and crosses the zero axis at
Fc '" By observing that climb and descent

trajectory exists,
+ ddn' since the

can cni.y tncr e.as-e
fherefare, this case is

r which d,·
t e rro Ln.a l c ons r r.i

t.he t rujcctorv .

r li('
"stall. In practice it is not necessary

constrained re rmr.ne t c stac e t raj toryr r c

til<'
(f c )

~iext, consider the case of t raject. -rte s with
n·) cr-u i sc s ezmcn r. • Euen , the middle term of

(1:1) drops out and the perfurmance func t Lon
ontc : 1:~ L' the in t e g ra l cost t.e r a.s . 'l'his is the

thl' specified final state + ddn;
,(rt:s;w"ding trnnsvorsal i.t.v yLelds

thnt is, on c
.rdd i t aon ot
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where
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Numerical studies of Eq. (23) for several
models of subsonic turbotan airerlft SllOW

HIEc ' (Eel) ~ 0, for Ee S Consider first
the case in ch i c t, HiEe • (E l' 0; then Eq . (20)
can be lved for tllP cruise distance de:

Eva l u.at i on of the u.nni l t on ran '-""uld be si~r,pl,i.-

Li cd if one of the two pni r s of con t r o l rL,:);cs
ii r speed or throttle, coul d be c]ilr,In"f,d pr I orI
from the minimiz~tion. Since the nair ·f thr()ttle
settings up and is thought to be n(;;r its
limit, we shall for cono tr t oo s where' cx t r cmc
settings if the t hroc r Ic arc optimum. i"ie cx.i.atnc

here only the minimum fuel case' C f "" j and
"" 0, with winds set to zero in order to simr1ifv
deri·arion. However, the results can be

extended to the i ;JSC in \<;hie\1 Ct"f O.

d ) J (d-' /dE) (25)
For mi n imum fuel

the Harni l t.on i an Eq , become

An ac.cu r.s t c modcl
gene rn line the
T(n,V, and ,v
ti on s must be .r rccr.c.J
and bleed losses.

I
I

(26a)

l unc

dn

min

In adJiti., n ,

K
upv, up

min[
up

o

Since d IdE 0 for Ee ~ d !dE
app roaches zero ,JS app r-oaches , tile
cruise distance must tease without as Ec
approaches Ec o pt' Although numerical calculations
show that the value of H tends to decrease as Ec
increases, the rate of decrease in d' IdE is mor c
rapid and dominates the b cha v i o r of Figure 4
shows the family of trajectories, if H ,> 0
for all values of Ec' In this case, interestingly,
nonzero cruise s egmen t s occur at short ranges and at
energies below the Dptimum cruise energy

case.

Consider- next the case in whf ch

iH£c' ] "" O. Then, '" 0; that is, no cruise
segment present Fe'! < O. However,
Eq , (20) allows cC be nonzero Lf J idE O.
This implies that ,j 0, crut a e (light i,s 'r'ti~

mum only at the optimum c r-ui s., energy
Figut"e S s hoc s the f arm l v of trajectories
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Previously it W;lS shown 1.1 at f , r the thrust­
indepcndon t SFC C(lSe, the opt i murr, climb thrust is
the maxi mum thrust, and the opr Lmurn dcs cc nc t hrus t

is the minimum or idle thr-ust. Thee and the abovo
simplifying charilcteristics emllllilSilP
of the a s sump t i on underlying CL;e A.
that e-ven i f the ,1SSUTIlptj"n i s t c
fied, one should Jalllat!' it (·ffect
mal i t v "f the trljeclcI'ics.

B Figurc6pLts
Src nw ;is a thrust for
typical tn-ecrvt cc tur-l» fan. UV('r the cowoIcc c
tllrust range, 5rc is seen tC) bE' strongly thrust
dependent, :lppn)~lcl ing in; i ni r y or low tl.rus c
values. ltowcvcr. ct t vpira l 1\b·r cru i s e
thrusts, crrrcsp['nding the UGlier hllf thl
thrust r ange , the va r i atir r1 an SFC 1S .n l y "b( u t

The dashed lino tllrc'ug)1 the ',rigin gives the
best cunstant appruximatirn to the fuel-flow
f unrt ion , Corne. indicates ;in c xc cl Icr.r match
,;;1. hi.gh thrusr, but significant c r rcr s at low

thrust. Fer s.orae app l j c at j orrs , ct.e cons t anr SVC
as s ump t i on o f Case h may still be adeouar e , if
errors in fuel flow at lew thrust are cons.i.dered
un i rnpor tna t ,

the t ran s i t j ou from climb to dcsccn t , if it i s not

present. The continuity of t hc- SI"·'vds simplifi('s
the design of the interface between this a]goritllm
~nd the guidilnce system for flYing the trajectory.

Thi.s

the'
(;on-

(v ,h) un

c J th
pole on

less t han
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By ing an engine model similar to t ha t

def ined in Fig. 6, it was s hown in Ref. 'J that if
thrust s a free but bounded control variable, the
oot imum climb and descent t hr-us t s .snd airspeeds

onv er ge t owa r d the optimum cru t sc thrust and air­
speed as the limb and descent ene rgi e s approach
the cr-ui energy. This result applies to ;111
crut s e energies, i uclodf ng those less t h a n the opLi-
mum cruise energy The s t r uctu re the

s j ec r or i es simi to that showr, in Fig. 5,
c.xcc-pt that at the mex i murn Cur cruise) energy the

I
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Fe is determined {rom the felation

A computer program 01 the al gor i thm has been
implemented in FORTRA.\ 1\ and is doscr ib ed in det;til
in RcI. Then' an' a pprox j m.st clv 2,400 FORTR.,\S
instructions in the p r-og r ara.

Assume thilt the specified f ina l time is
such that tmf:: r , ::: tmd. The difference
to t mf is the d~'ldY c i r h respect to the nun t.num
fuel f Lna I r Irce.. Also assume t ua t OJ is the
shortest o Ls t.anc c from the cur-rent a Lr-craf t pc s .. t Lon
r.o t hc: d es t i.na t i on poIn r . hie now ask whether a
s r r c tcbcd p.rth , say d: d l can give lower fuel
cons ump t i on than d But it follows from the r-el a-.
r i on s hj p i t j us in Fig, 8 that ~lC(d) HC(d J
for d DJ and L :::: tlWl. Thus pn t h stretching
is not optimum for t. 5 tmd'

for a f i xcd I i naI time tmf' the fuel consumption
as r-ead from the 51 locus must be less than the
fuel consumption as r-ead from the SR locus. More­
over. at tmf the corresponding range d i on t.he
5R locus must be greater than the range do on the
51 locus. These characteristics follow from the
opt Lrnal Lt y of the loci. As the time-cost factor
Ct is changed over a range of positive and ne ge r i ve
values with range held fixed Jt cl i • the fuel-time
locus Me(d

1
) of all minimum cost, f r ccv t t me. t r a-

j ect or t c-s is gcucr-at eo. The minimum of this locus
with r cspecc to fuel consumption is at r.ai ned a t

C t '" 0 and contributes one point on the SR locus.
Points to tIlE' left of the minimum correspond to
Ct 0 ~nd points to the right to Ct < O. From
ur-gumcu t s in a preceding section (Optimal Con t r-oI
Formula r Lon ) , the I'lC(d 1 ) locus must have one point
in common ..'ith r hc 5T locus; namely, at the time
tnd in Fig. 8. Fu r t he rmo r c , the two loci must be
t angcnt ill that rt me and can have no other points
in C()f1'J1l('n.

the
t t on

rate and
The calcu

Wd 1\'
c g

The computer i mpj cmen ta r Lon includes both the
rr cc- and consl rain od c thr-us r cases. For the

constr:lined-thrust c.lse, the cruise distdllce is
computed f rom Eq , (2). HLI1.,'C'.jcr, because d"jdE

appn);~ches zen) 35 . Ec approaclws Eco\t, there 1 s
a praltledl limit tIl the use uf [q. (25 • deter­
mined by the numerical accuracy of computing d IdE
[or in the ne i.ghbo rhood of Ec o p t' A practical

limit Ec is that v.rl uc for whi.ch
'" 1.01 "pt- Th(- tot;" range ,)1 the r raj ccr orv

ob ta inc-d r • r r his '.':JI\l\:' of is ref('rred t o :J.S

d ma x ' All tr,:,jec:turi,>", rcqui r in g Junger r. ..111/:,:cS

rhan dm;l:: a r e as s umod to crui s c nt and to
conta in cruise segments 0:' length de'" - ddn'
where and ddn arc compu r od Lor = I.
In the case. numerical difficulties
arise in minimizing Eq. (24) as Ec approaches

The value of 1.0l 11:1S also been found
IS practical c for eumputing the

rarrge without a cruise Sf'h'11Wnt at

where k is the avcragc- fuc]-fl,lw
nvc rrgc g ruund speed Juring cruise.

(II ~ and Vg is described in Ref.

o

+ JI E

0, r dn

d

tr Wf
-

(Ecj
r- ,., - )}~f'" f

H min + (J 3)
\' E , Eup' up "] E E<O
V., •

dn"n

:1c:<t .ss s ume th;H the specified final time r
is greater than tmJ. There the fuel consumption
read frum ti,e S1 locus at will bv equal to or
less than that read from the locus for all
d J 1 • It will be exactly equal for the value "f
d '" d. ,nan"",1'; \~here the r.wo loci are tangen t to
v;Jch cr bc r . Thus, in order to minimize fuel con-·
sump t Lon for t md • the minimum dt sr anc e pa t h
'If length d. should be strvtched by the differ-
ence J - d" The dvtailed shape of the path-
stretch maneuver is not c r i r i c a l . However. turns
shou l d be done at small bank angles so as to mini­
mi ze ba nk-ean g l e-c i.nd uced d rag , which was neglected
1n this derivation.

The final step in sol v ing the op t i mum delay
}>roblem is to show how tmd' the maximum time to
f,j ," specified range d

"
can be c orapc r ed from the

o J go r i rl.m deve-Lope-d in the preceding sec t t cn. The
Hamil ton i.an , the state cquat t on , the cruise cost
,ind the t r.c.s ve r sol Lt y cond i t i.o.t for the fixed-time
problem 'with specific energy :·1" independent
v.rriabl o .r r e

PA TH STR!: TCHING
REQUIRED FOR_~

trnrl (d 11

"3

INCREASING
RANGES

The p r ob l cra of dcten11ining the cpt r.nurn Liei.)\,

t r-a j ec- t or i os can be sol vcd by cxamj n i.n g the loci fur
fuel cons.unp t i un versus time for the mjn i mum fuel
spccified-Lmge (SR) and minimum fuel specified-tine
(ST) problems plot t ed in Fig. K. First ob s cr-v« th.r t

~lany a i t r r avcl c r s ha vc c xpcr Lcnccd in-i"Ji.ght
d e Lays at their destination a i.rpo r c s . Such occur­
rences l cad to t he i moor ranr flightp<1th maneg cmcn t

problem minimizing the fuel loss fllr a sp~cificd

delay in the' landing time. Assumi.ng it is nor fca­
u in Lc L' .rb sorf the delay un the ground \r at an

l t ern.i r i v, airport, we c.m divide delav maneuvers
inti; (\>'0 r vpcs : sl ov-.d. em and ruth-stretching (rnc
lcr t cr may alsu include' h'ed changes).

t",1 '1 1,."'.j '2

T!NlE DUhAT'ON Of TRAJECTORY

r c.

min

e\l",t rat nt : n. L
( ~l4 )
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CONSTRAINED THRUST

FREE THRUST

where t u p is a time i ns t.anr during c l i mh , "dn a
time instant in descent measured positive in t l,e

backward time direction, and t c r us is the time
spent in cruise. To yield the same optimum trajec­
tory, the Hamt I t ont ans of Eqs . (16) and 0) must
become identical. Th Ls requires that in
Eq . (J6) be zero, or from Eq . (22),

cw +
I f

Vc

200 800
RANGE. fl. ml_

100o

35

(36)

that minimizes tilC
ha v e

At the value of Vc = V
C0 p t

operand in Eq , (36). we must

c (37)
(n) Altitude-range I rofiles.

will yield the maximum delay trajectory. The r runs-.
ve r s a l t t y condition (Eq. (35» transforms to the
following expression:

But from,Eg. (34), \~f \~rpin; ther-dute,
e t '" -CfW'fmin(Ec)' I.,'hen th I s cxp res s Ion fur Ct is
substituted into Eq , (36). the mi n Lmt z.ar i on operation
does indeed yield '" 0 at the minimizing value of
Vc ' Thus, at each cruise energy Ec ,01 time cost
computed from
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Examples of optimum de l a y t r-aj ect o r i es com­
puted by the procedure described here a s well as an
a I t e r-na t a t Lve derivation can be found in Ref. 8.

(b) Airspeed-altitude profiles, 200-n. mi. range.

Fig. 9 i'1inimutn-fue1 trajectories.

£~ample5 of Optimum Trajectories

This section presents s e ve r.a I ex;;mples of fuel
and cost optimum trajectories. Additional examples,
including the effects of winds and of air traffic
control constraints, are given in Ref. 7.

Minimum Fuel Trajectories. Figure 9a shows
examples of minimum fuel trajectories for r anges of
100,200, and 1,000 n . mf • The lift, drag, and
propulsion models used in these examples are repre­
sentative of the Boeing 727-100 equipped with
JT ED-fA engines. The takeoff weight is 150,000 Jb ,
winds are ee rc , and the atmospheric model is the
1962 leAO Standard. For the ZOO-no mi. range, both
the constrained-thrust (s cl t d line) and the f r ee­
thrust (dashed line) trajectories are shown. Also,
for the 200-n. mi. range, Fig. 9b shows the corre­
sponding altitude vcrsus a i r s pe ed profiles. The
constrained-thrust trajectories fur the 100- .rnd

200-n. mi. ranges contain shoot cruise s e gmcnrs
below the optimum cruise al t Lt ude of 32,000
Optimum cruise altitude r aachcd for ranges
greater t han about 230 n . mj.. For the] ,OOO-q mr .
flight, the optimum cruise al r i r ude i nc r ea s c-s at
rate of about 2.5 fr j'n . mi., t-ecaus c "f r oc r n

off. Differences l:ktl<'cen the cCilstr;Ji!kd- r-,
thrust t r n j ect or i e s ,11'':' apna r en r iy n(':Jt iW 'I'

of the climb, where tile rec-thrust tr;lice

Evaluation in .!":i.loted s tmctet.c r . Frequently
the question is asked how much fuel usc' and costs
can he reduced h)' using on-board f l Lglu parh optL>
mt.zat t on in ai rl Lne operations. For s cvcra l
reasons, this qucs t i on is not eas y to answer.
First, there does no r. exist ;l s t anda t-d reference
trajectory for c ornpa r json , Second, there C;lD be
significant variations in flight techniques between
different pilots. Third, it is difficult to achieve
repeatability .i n trajectories because of unknown
disturbances from weather and air Lraffic contrc.].
Realistic oval u.i t i on s , t Iicrefc r c , should i ncl udc
st.atisti(al ;lnalyses ill s;lvings from ,) ].-;r-ge rrurnbor
<If trial lights. Here we excerpt results f
limited cval ua t i on , US));:: i Lct c-d Sl1rd' r •

free-thrust t raj oc tor Les for the 200-n. mi. range
is 23 lb out- of a total of 4,800 lh. Fh i.s r c j a­
ttvel y small difference would seem to justify the
c ompu t a t I ona l Ly simpler r on s t r-a i ned-c r h rus t mode,
especially in An on-hoard implementation. The simi­
larity of the climb and descent profiles for dif­
ferent r angcs also offers opportunities for
simplifying the on-board algorithm.

The cr.ns t r.r jncd c r h rust vcrsiou [Its
r i thrn was LfT ('m{'nted on 'I DC-l0 sin\l1.1L' r- jiG

inLc.'grateJ with f .i ght d t r cct..» .rno "': s\'"

t cu», . QtLilificd DC-i\) 'i(11;,,' : rlot-, ';l 1,,1.'
the si muln to "n ::20-n. ra; . ligilt m.tnn c.r
reC(lmmC'!lCled Lv (heir 1'1 iight 1]\' I'lWI'

thev!'(peiil ".", fi ?,ht., is) tn, t rt-ctor

The d i fere'i"
mst rn i '1<'d-

not contain
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to follow t r-a j ect c r i c s generated in real time by the
a l go r Lt hm, Three representative trajectories from
these simulator flights are plotted in Fig. 10 as
altitude versus fuel consumed. Note that t akeof f
and t ouchdovn altitudes are 3.000 ft and 200 rr ,
respectively, corres0lnding to the altitudes of
runways at the pa r t i ru la r city pairs us c-d in the
simulator flights.

FUEl OPTIMUM

2000 4000 6000 8000
FUEL CONSUMED. lb

Terminal-area f l Lgbt.pe t h management problems
are conceptually and a na l.y t Lc a l.J y more difficult
than the en route problems discussed in the preced­
ind section. Their complexity arises from the
dynamically more complex models required for s ynt.he-.

siZing efficient and flyable trajectories. The
synthesis problem can be stated as specifying an
algorithm for generating a trajectory from an
arbitrary initial state vector (Xi,Yi,hi,Hi.V i) to
a final state vector (Xf'Yf,hf,Hf,Vf)' This
so-called capture trajectory problem is illustrated
in Fig. I L Note that in the figure the final point
lies on a backward extension of the runway center­
line and t hn t the final heading is equal to the
runway heading. The distance from the final point
to t ouc hdown is pilot-specified. The capture algo­
rithm mus-t synthesize efficient trajectories
rapidly and without failure for a wide range of
initial and final state vectors.

Terminal-Area Flightpath Management

~7
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Fig. 10 Standard air-line procedure compared with
fuel- and cost-optimD.] t ra j ec t o r i e s , 220-n, mi.
range.

The fuel consumed and flight time for the stan­
dard airline procedure were 9,500 11; and 37 min,
respectively. Cr-u Ls e altitude was 24,000 ft. The
fuel-optimum trajectory climbed steeply and more
slowly to 32,000 f r , whereupon it began i mmedLa t e l y
an ide l e t h r-us t descent. The fuel ConslJmed and the
fligbt t i me were 8,750 Jb and 42 min, r-espect Lve l y •
The fuel saving of 750 lb, or 8% of total fuel, is
highly significant in airline economics where sav­
ings of only 1% are considered important. On the
other hand , the increased flight time may be unde­
sirable, but reflects the fact that the cost of time
is as eomed to be z c ro in the fuel optimum case. To
eliminate the time-fuel trade-off from the compari­
sons, a cost-optimum trajectory was flown with the
time-cost factor Ct Selected so as to achieve the
same flight time, 37 min. as the standard airline
procedure. This trajectory required 9,J50 tb of
fuel. Thus, even at fixed arrival time the optimum
trajectory reduced fuel consump t i o» 350 l t, , or 3.
relative to the airline s tanda r-d procedure. Clearly.
the fuel consumption difference at fixed arrival
time provr.des a useful rneaau r c of the efficiency of
an airline flight procedure, Fuel savings on

longer-range flights were similar in magnitude hut
less when expressed as if percentage of total fuel
consumed.

Pilots judged the optimum t r-aj ecrc r i es fl,lWn
wi r.h the aid of a flight director no more difficult
to fly than the s r nmia r-d p t-ocedu re They consiJ"YcJ
the cost-optimization feature an <c'ssential e Lomen r
of a future on-buard system. Va r iat Lon s c f this
algGrithm have been inn),:poratvd i.n pcr fo r m.snc e r-

man agcrnen t systems being buill by s cvc r.i t avi on i c
roanu iac t.ur-o r., •

CAPTURE TRAJECTORY

Fig. II The capture trajectory problem in the
terminal area.

At the present it is not feasible to implement
the optimal control solution for this fiVe-state­
variable problem, as we were able to do for the
one-state-variable en route case. Nevertheless.
optimal-control theory played a crucial role in
deriving the algorithm. It was first used to derive

• the structure and characteristics of extremum tra­
jectories (those that satisfy necess8ry conditions
of optimality; see Ref. 4) for two reduced-order
subproblems of the original five-state-variable
problem. Then some of the derived characteristics
were incorporated in the design of the algorithm.

Thus, the first step in deriving a practical
algorithm is to separate the synthesis into two
essentially independent prob Lems that can be solved
in sequence. The first consists of s yn t.hes t z Lng a
horizontal p l a ne (two-dimensional) trajector-y that
connects the initial p()sition and heading (Xi,Yi,Hi)
to the final position and heading (Xr'Yf,Hf)' The
second consists of synthesiZing airspeed and alti­
tude profiles that connect initial and final speeds
and altitudes and (V F , ,respectively,
"long the known 'This techniq~e
waS described in Ref. LO in connection with a study
of four dimensional guidance and bas been refined

Ii



The (·nergy r.r t e , 1>:. ',0), t," h, t c-n

t Iw f orre

t;lkec,ff and cLimb-Llut pr,'!il,',,,. C ,",;rlY, the npti­

rni z a r f on of such c!langt's in .t i r, r,lft. • '1) L:llr"tiofl
is an l nt.c g r ol part >f proLi l o S\,'i1ti;c,,c,is,

s c vera I t i mes . Although ('dell s ubprobl ore is
.indr-pcnd on r Lv optimized, comb i n i ng the t rajcct or i es
from the two subpre'hlc'ms d,les not generally v i c-l t!

op t.f raure "(',JuLin!'.,, to the o ri g i na l p r-ob l c-m • ~e'vcr-

t he l os s , trdject.;'ries for the most f r r-qucn t l v
encountered initial cunditions have heen found til

give pcrf,'rrruncf' rCLS{Hl'lhly close to the -p t i mum,
Most important l v, pi lor od s i mu la r tons 'lnd f 1ight
tests hnv e shnwn t h.r t t ho efficic,,1(:y ·,f the rompur cd
traject lries exceeds tl1ilt .,1' pilllt-gencrated fljgllt
paths.

Bor u opt i mi za t ion tl1('
s.vn t hcs i s (If efficient ')!"{ fi ivs
d refunnulatl'd ver s ton d· t ho

dc-v olopod rc.r tho en route' Ci

;nfiguri,t ;,'n .md t he
1:1 bt' !i.1ndlt'd with

where V is thc ground speed. i\ r-epr-es cnta ti on
of t hc Lon in terms of mancuv er in g r-eg i orvs
covering the entire t.l1ree-dimensionill state space
is g t ven in Ref. )z,.

Horizontal p lanr- r raj cc ro r-t es a r-c- chos c.n to
minimize the length 'f tile P;ltJl .'r, equiv:llenLly,
the t.ime to fly ,'it cons t..mt :;ir,;pecd and z cro winds.
This p r ob l eru em be' f ot-muLr rc-d ,IS minimum time,
op t i ma l cont.ro] probl crn wi th ,~;t.ltl> va r i.ahl es X, Y,

and H, arid w i th 'Link :itl0.1e :lS the c.oo t rol
variable. An:ll','si' sh",,'s th.r r the ex t r r-murr- tl;ljec-
t ori es consist cf .in in i t Lal t u rn , iol tove.J
either ;1 st.!"iJi.ght I inc' vr .mct.hor in the (lPih,-

site d i r r-c r i on , and firnl turn. Turnx a r o f Luwn
at maximurn bank ;11 ), and the minimum turn
radius 2.nin is rom the r c l nr ion

V In Eq. (:,i) .rnd

',", '..;c 'ht:, 1 t '"""

, d c-ffnc-d ;is the

g .rt

+

(! + ) - D(" f' \') h'E '" iT
n

By Ilsing tile re13ti()n dh/dt
d i vi di n j; Eqs , (6) and (41)
1 xprc,ssi,lllS [(I!" Illldnlity
ru rrn.t l Lzcd energYitc

with L = Iv as a c.onsr rainr. The sC, ) ':jC-

tor accounts for the possibility of thrust t ;r-
t ng , Equat jons (421 and (43) provide simpl jrying
diobo r omv in the j e synthesis. At d ra r t cu-
lar airspeed the ized) energy rate is fjrst
dc t crra inod i'r()TI\ C'J. (42) hy chule" ()f ;lViHuprL,tC'
controls, including thrust T, thru,;t-vect.or angle

, flap au gl e f' and angle of .u tac.k Thc-n ,
the chosen energy re t.e becomes .in input to Eq . (/d),
which determines the airsp2ed-;;:titue!e orofj Le
specifying either r dVrdt.

Since a c onvcruiona ; ai r-cruLt IUS rnr o c cu-n­
t ro ls and :l typical '//STOL a i r crcrr hih fc-ur t,'
achieve a specified energy rut e, we have an exces,;
()f one ilnd two contro),;, resiJCctively, over rIle
minimum number no eded fur a unique s i mcl r.meous
solution to Eq. (42) ;Ind ~ W at d given altitude
and aLrspecd . rhest' ex t ra degrees of f r c-odom in
the controls Cl\l be e:<plujted t o mi ni rni z c thrust
and, therefore, Cuel f]()w:lt every specified energy
rate, altitude, ;lnd ilirspeed. rlli llptimiz;ltit'll
problem is fc'sLHed in hw!Va]cnt funn as the m;ixi­
mizatie'll of ene!"),;)' i:ltc ror ;i given thrust ~;etti!1g;

(44 !

UO)tan

The compo r a r ton.i l l o most efficient. s ol ut i on and
one thin has b cc-n implemented in d ~] ght sv.s t c-m i s
based on II set l os edc forr» c-qun tt , ns cornput >

ing all possihle extremum traject'lrics. for eJeh
set of initial ;1r1G f ina l conditions, the .s l eo r i t hrs
computes up to six diffcrE'nt extremum trajectori
and t hen choo s ea t lie (Jnl' with the shor r c s t path
length, The minimum turn radius for each turn is
specified s e parat el y in the algorithm, using
Eq . (40). Since .r i r s pec-ds and ground spe'cds w i l I
not actually rennin const:lnt, an estimate cf the
mdximum ground speed is uSt;d .in Eq. (/;0) ti' cn,;ure
th;1t the chosen turn rddius \"'1) 1 ,wt C!\lse the bank
angle limit to be exceeded. A conservative estiwlte
fot" the maximum gn)und ,;pecd is the algcbr:dc sum of
the maximum airspeed .in the turn :me the wind speed.
Note that estimating the iTl:ndmUffi impl ies a wblk

interaction Gct\"'f'en the :lssumed independence of the
horizontal and vertiedl ~;ynthesis pfi;b1ems.

The horizuntdl capturc algorithm, cc,mhincd "-'itll
continuous display of tile trajecttlry on an lectronic
mdp, has recei>,'ed mdny favcr:I!::;]e C(')i!Tk'T1tS by flight­
Lest pilots. Furtherrnore, it can be used :1S d sub­

program in algorithms lur comput.i.ng, 'J:JrLlbh'-radius
turns and t rnject.or-ies through :J sequence ;"':;y­

points, Fur thu,;," reasuns the der1V:ltH'n <'.- the
algut"ithm is included in the ;,ppenJi.\..

with ccnstr:ilnt ;J, "";) \-:. Tlw mdy:~n:Jj;:H.U'!1

must ,d obc, "l,'U." incqua Ity const';l!,·ts <)n til,
controls, such ;'S !im.i.ts "n thc' flaps, thl' .Hlg]l' "I

:ltt;lck, (Ind tllrust-vectL'1 ;Inglc. We may interpret
the m<l;·',i'ii,iZ<lt i"n y;)cr:\tl",n ;,s tl'cbnlquc f,'r 1-
dpStng t mult pIe C'c\ntrt']s incu til,-, inglc'

",lri ,ll) I c

I

I

c'ih'fgy

t h v

e,l e'i\.' be' glw,

ric r;:.v '-.It ,j i

"", be' ),;'-"" Llt. ,,·d

""i·',V

';]leu1, tlh' mire
H"t>;cvc"- ,(' 'leg; L j
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th~' ma:<innm en,

IT); dt,' 111 dc'

Lhv dir;\k(d-;,\ti",u.'
the d, c·elcr:,t

Thk domilunt ! edLur,-
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obtained f r-om Eq, (44). Fur a V/STOL aircraft with
thrust vectoring the problem is more complex. In
this rase, the in t rcduct Lon of ;j s c c ond criterion,
willetl minimizes tile lllrust deflection angle for
c-nch spu:ificd energy r-a t c, helps to generate
r-c-n.a indcr of the attainable energy r.u.c region.

constant a l t Lt ude . Hoveve r , obstructions and noise
restrictions along the approach path usually do nut
permit lev{,]-flight deceleration at low a l t i t ude .
instead, the deceleration is pe r I o rrec d in shallow
oescenc or In level flight at altitudes between
1,000 and 2,000 ft above the runway.

1: ;( 0 , , (45)
n nmin

V g, E 0 s , (46 )
n

(I ,) E (47)
n

i, Vy (48 )

x 0 V cos + V (49 )
w

To provide fl cxi b j Li t y in the shaping of r he
profiles during simultaneous deceleration and
descent, t arn t l t c s of decreasing (n nd by extension,
increasing) energy profiles a re generated as a
function of two pa ramer.c r s , and The first
po r amct e r , ,sch'cts the fraction of minimum
(maximum) ava i labl e en c r gv rate, En mi n , d~mdx) to
be used for decreasing (Lnc r-ea s Lng ) energy. The
va lues of f:nmin and f:n ma x are p~ecomput~,d and
stored at each indicated a i r s.peed , as previously
explained. The second paramc r e r , t. , determines
the fraction of the selected energy ratc to be used
for deceleration (acceleration). Then, for particu-
lar choices of and ':, the energy rate, airspeed
rate, flightpattl angle, altitude rate, and ground
speed r e computed as follows:

Not e that i~nmin -: 0 and ", 1 provtdes dec e Le r-.
a r i on without descent; 0 p r ov i de s descent with-
out deceleration; and 0 < -: 1 p rov Lde.s simul-
taneous deceleration and descent. Minimum fuel
descent at a I t i t ude s nearly the same as landing
altitudes usually requires f ol l owtng the [nmin
contour in the energy-rate tables. Thus, the opti­
mum va I ue of is unity. However, for some air­
craft, such as the vectored-thrust STOL type men­
tioned previously, the optimum value may yield
energy rates too negative for safe operation. A
value less than 1 is also necessary to reserve a
margin for closed-loop control along the computed
path. A practical upper limit for is about 0.9.
Furthermore, maximum deceleration and descent limits

,.are also enforced during profile synthesis.
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Fig. 12 Envelope of energy rate f o r a vectored~

thrust S101, a i r c raf t : W"'· 38,000 Ib , sea level,
s tanda r d t omper-a r ur-c .

n .i prart i ca I i mpl umon tnt i on of this procedure
tor " vocr o r-odv t hrus r STOL aircraft, the f unct i onnI
r c-lar i on s between the energy r at.c and the optimized
ron t rols ar e pr e computc-c and stored in the on-board
computer in multidimensional tabl es . i c l n t e r polae­
Lion of r-n t r i cs in the eobles determines the optimum
con t r-ol s for- s pccjff cd varces of energy r at.e , air­
speed, altitude, ambient temperature, aircraft
weight, and hank. angle. By nondim(,nsion;Jlizing and
combining some of these variables, the storage
requirement for the tab l o., was reduced to only
600 vords , even for the r o lat i vel v comp j e x vcc r.ored­
thrust STOL aircraft. The storage requirement woul d
be cc'nsiderably less for ;, cunventional trans-
port ai r cr.i t r . A simpl t I i cd vc r s ton of tables
for the STOL ai r-rra f t e};ample is given in Fig. 12
(,S ot-, 'f minimum and minimum energy rates,
"nd ver s us the r-qul vn l ent ai r speed .

EflMAX AND MAX THROTTLE
BOUNDARY

80 100 120 140 160
INDICATED AIRSPEED, knot~

After developing the method for selecting the
conrr-o I s , we em now proceed with the synthesi.s of
the profiles. In p r i nci p l c , this problem is Ldcn t i e­

ca I to the f Ls ed-s range , en route problem pr-ev Lous l y

sol ved . However, the short ranges and variety of
operat i on a j constraints c ha rnc t c r i s t t c of t c rmt na I>­
area flight justify a simplified approach based on
ma t.ching the general c ha ract e ri a t i cs of optimum fuel
airspeed-altitude profiles. We briefly explain the
rc c touo j c f o r this method with reference t o descent,
which is tIle most difficult case.

Hi ni rauro fuel dcs couc tUlject, ri os such 3S t.bos c
1J Lbtr:,tc'e "Fig. c arc, char:lcterized by i, mono-:
t.om c decrease in energy I r om cruise un r i j the
s pec iIf cd Lin.t l (landing) r s pued ,)I,d altitude ar e
met. Furr hcrmcre, at tcnni.nal-drc"l et r t r odes bc'I'}1<!
iO,OOO , rhr t r aj ect or i o s first descend at
:,ppro;<!m:,tc; constant. Lrid i : dLCd rspood
.cqU 1')ts t.i niH-Lng 7) and .i d e t hroLt l r- c'-'

the LH,ding .rl t.Lt.ocl c. The c!c'sccnt fell lwcd
rapid dc, c-J,-r,.'(1'.H1 to r h, ],lnding spc-cd at lH':irly

The structure of the profiles is modeled after
that :in Fig. 2, except that an additional constraint
is Lmpo s.ed . An aircraft flying in the terminal area
is generally not allowed to climb above its initial
approach altitude hi for the purpose of optimizing
the trajectory. Rather. it must hold this altitude
until starting the descent for landing. However,
~hiJe flying at altitude hi' it may change to a
fuel-efficient terminal-area airspeed Vt . For the
STOL aircraft, Vt 140 and for a jet transport,
such as a 727 240 knots lAS. Another cri-
terion for Vt is to meet a specified
landing time, as required in four-dimensional
guidance applications.

The various rules above can now be combined
to generate cDmplete profiles. The synthesis begins
with the backward time integration of Eqs . (46),
(48), and (49) f r ora final conditions hf, Vr' using
the specified and If the altitude reaches its
target valu,. hi b e.f.o r-e the e a r s pee-d reaches its
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The algorithm alsu curr~rts t~ll' airspeed decel­
eration for known wind shc<lrs. which ;lre computed
from a knowledge of Vw(h) if avail:Jhle. Ilw wind­
shear currectirln factor is

which is added to the right side of Eq. (::'6) t o
obtain the vtnd-ebee r-co r rec r ed aLr s pced r-ar c.
Furthermore. the r cf e r-cnc e controls a r e cor r e ct c-d
for the effect of nonz e r o bank ;lngle on Lnduced
d re g by modifying the weight in t hc lift equa t i on
as follows: L '" W/cos

Ln t e g rn t i on time-steps vary during c;ynth~sis.

During turns, decelerations. and ar c cl or-atj on s it
is I sec; during altitude changes at fixed speed
a nd heading it is 5 sec. Total time for synthesiz­
ing a comp Jer e trajectory consisting of a complex
horizontal path. such as that shown in Fig. 16 in
the Appendix, and an airspeed-altitude profile.
similar to the one shown in Fig. 13, is about 2 sec
on the pa r t Lr uLa r e i rborne computer used in a
recent flight experiment. This computer has an add
time of 6 iJSCC and a multiply/divide time (If
24 us ec , When the t r aj ec t ory synthesis is time­
shared with navigation and other necessary computa­
tions, the computing r tme i.nc r cases to about 6 sec

The computational simplicity of the preceding
algorithm depended on the a p r i o t-L separation of
the synthesis problem into (nearly) independent
solutions for the horizontal paths and a i r s peed>
altitude profiles and on the choice of simple geo­
metric forms for horizontal paths. Recently,
Kre Lnd l e-r and Neuman 1 7 studied fuel-optimum capture
t ra j ect.o r f.c-s under less restrictive conditions.
For trajectories containing a fairly long straight­
line s cgrs ent b e t ce-e n the initial and final turns.
they found t ha t the extremum trajectories had
approximately the following characteristics. As
before, the airspeed in the s tr-a i.g hr vLf ne segment
tends tu be close to the minimum-fuel-per-unit­
distance speed. However, the final turn is flo....n
at maximum bank angle whi l c the «.t rc r at t is decel­
erating to the landing speed. Equation (40) shows
that the resulting turn is a spiral of decreasing
turn radius. Fur turns with large heading c ha nge s
C l80~) this saves fuel by reducing the time and
JisLl:,\ce flown.

Noncircular Capture Trajectories

The hor Lz.on t a l capture algorithm for c i r c uiu r
turns can be used in s.cvcra I steps to generate
app r ox Lmat el v cons tao t cb.mk-cm g l e. spiral turns, ,lS

shown in Ref. 18. The method is illustrated in
Fig. 14. For simplicity, assume that the Ln t t ta l
turn has fixed turn radius Ri. Using £q. (40)
calculate R, at Pf (or a bank angle a few
degrees "less than ;max and "s '" \If + V'Wc
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Figure 13 illustrates the various segments of
a synthesized app r-oac h trajectory for a STOL a i r­
er<lft. with '" 1 and ~ 0.5. We assume for
simplicity that En mi n '" -0.13, a constant. Other
parameters are indicated in the figure. Note that
the initial descent at y '" -7.5" reduces to
y '" _3.75& in order to allow the aircraft to decel­
erate to the landing speed of 100 a/sec.

target value of Vt • we set and then con-
tinue the backward time Ln t e g r-a t Lon until the air­
speed has also achieved its target value. When
setting L '" 1. the f Lt ght pe t h angle is forced to
zero and the energy rate is used entirely for accel­
erating (in backward time) toward Vt. On the other
hand if the airspeed reaches its r ar-ger value before
the altitude does. we set '" O. This stops the
airspeed change and causes the energy rate to be
used entirely for increasing the altitude to....ar-d its
target value of hi' When the s econd and last
variable reaches its target vu l ue , we set '" O.
that is, E;l '" O. thus completing the backward time
integration. Next. we begtn a forward time integra­
tion from the current aircraft position to get the
distance required to change speed from Vi to Vt
with '" I. Let the distances for the backward
and forward integrations be Jib and dif' respec­
tively. A valid trajectory has been generated if
the cruise distance d c ' computed from
dc '" df - dib - dif' is nonnegative, t hat is, if
d c < O. If d c is negative. the synthesis has
failed, because the aircraft is too close to the
capture point Pf. For purposes of on-cboa rd imple­
mentation, the important feature of this algorithm
is that it synthe'sizes an efficient trajectory in a
single integration.

,
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Fi 13 Esample airspeed-altitude prufile
vectored-thrust STOL a I r c r.ut .

.r Fig. 14 i u s t.r ,Jting cnnstructinn iii

rin,1] tUC!1<

):i r



FIXED TRAJECTORY

'...hcrc VW J is the wind-speed component in the final
hcading direction. Then r al c ula r e the circular
hor i z on ra l p,Hh with final turn radius Rf "" RI.
;\e>:t i nt og ra t e the xpeed , nl t l t ude , and range equ;l­

t i cn s , Lqs. (46). (47), (;.8), and (49) b ackw.r r-d
f r om !'f until the gruund s pcc-d Vg is such that

with radius R This cumpletes the lirst
step. that poin t c ornputc a new arid larger turn
radius R; using Vg "" V + Vw." where V~ and Vw:'
are t ho n i r s pecd and along-track components of the
wind-speed vector at the end of the first step.
Then apply the circular-turn a l gor i t hm a second
ti.mc and resume the bac kwa rd integration. Continue
stepping the turn radius until either the cruise
s pccd is achieved or the beginning of the final turn
is reached during tIle backward integration. In the
eVlmple of Fig. ]4, Iou r such steps were necessary.

2

STOl
RUNWAY

TACAN

Q. 4

CAPTURED TRAJECTORY

'''

ECTiB''ILOT

"

,
"~1

A/C POSITION
Obviuusly this hor i zonta ) path algorithm

r-oqu i res s.omcvu.rt more romput a t ions for each syn~

thos t s . The speed ,( t l«. .tvat Labl c on-board com­
pur e r wi II de t errni ne Ii it Cli) be used in an
a pp l t cat i on .

Fig. 15 Horizontal f Lt ghr pat hs displayed on multi­
function display.

Synthesized trajectories are displayed to the
pi Iot on a m.i pclt k r- cathude );]V d f spLa y c al l ed a
rnu i f unrt r on display (i'JFD). rj gurc 15 gives au

<ynple 'i" t r-aj ec t or i o s o i sploye-d the i'tFlL The
pilt't has s('lectcd w;iyp"int :3 on the fixed trajcc­
tor c (drCi\dl s.ol i d ) as the cnp t.ur-e '.,';1Y1'oint. The
dasJled-line trajeC[IJry starting at aircraft position

indi;:;(vs t'-, the p i Lor t h.i r (l valid ca p r.ur e
r o r v 'u" hClT syn[hesi;,~,'d, In t hc eXHnpJe the

Thc· on~bu;Hd Lrspl emcn t a t f on of the system is
bns r-d on two l]HHies of operation. In the first mode,
r e i er r-ed to .ss t ue "predictive" mode, new trajec-
to r i e s are synthesized one aft e r the other as
rapidly as possible. Upon completion of eacb syn­
thesis, the system checks t-o determine whether the
pf lo t haS c81Jed for the s econd , or "t reck" mode to
be cngdged. If such is the c ae e, the predictive
IT',')(:\L~ .1.5 t e r mi nat ed . Then the most recently synthe­
sized t r.sj ec t c ry is regcncrdted and tracked in real
time by d closed-loop guidance law.

A powered-lift. vectored~thrust STOL aircraft,
referred to by NASA as the Augmentor Wing Jet STOL
Research Aircraft, was selected as the test vehicle
for evaluating the concept. 1 2 This aircraft is
equipped with a general purpose digital computer
and flexible naVigation and control systems. The
complex aerodynamic and operational characteristics
of this aircraft presented major challenges in the
design as well as opportunities for demonstrating
the value of automated flightpath management. One
test sequence compared the fuel consumption of a
synthesized and a pilot-flown approach trajectory.
Both approaches began at the same initial distance­
to-touchdown (40,000 ft), airspeed (140 knots), and
altitude (3,000 ft). The pilot-flown approach was
made with the a Ld of a flight director system. The
aut oma t tc approach consumed 331 lb of fuel, and the
manua Ll y flown one consumed SOD lb. The difference

It should be noted that in the track mode, the
synthesized trajectory is not refreshed. though
this may be desirable if winds or transients in
nav Lga t Lon introduce large tracking errors. The
software of the on-board operating system has been
configured to add this capability in the future.

Cj c s ed-Tcop tracking is pe r f o rmed by a pe r t u r-'
b8tion guidance law specifically designed to operate
in concert with the output of the trajectory synthe­
sis algorithm. Perturbation states in the feedback
law include errors in airspeed, altitude. flightpath
angle. and cross-track position. Controls are
thrust, thrust angle, pitch. and roll angle. The
feedback law was designed with the help of quadratic
optima} synthesis techniques and thus differs in

'several respects from conventional autopilots.
Details of the design for a vectored-thrust STOL
aircraft are given in Ref. 12.

was refreshed approximately every 6 sec. With the
new generation of airborne computers. the refresh
rate, which is detennined by the speed of synthesis,
caD be increased to a more desirable once-per-second
rate. When the aircraft reached P;; the pilot
elected to engage the track mode, causing the last
capture trajectory to be frozen and redrawn as a
solid line on the MFD. At that time, closed-loop
tracking of the frozen capture trajectory \\ias
initiated.

iT, g:;l:e ,lk r ,.rc-k uDJe a r P but,ew ,1w , , rc r ,.,,, t , d i lC'C. t i '·'11 ! F

The pilot activates the predictive mode by
selecting a waypoint to be captured on 3 fixed tra­
jectory, which is prestared. Synthesis of the cap­
ture t r-aj ec r orv hegins after the nn v i ga t i on system
has computed the current position and velocity com­
poneut s of tlle a i r-c ra f t , The first step in the
synthesis computes the horizontal trajectory pa rartr-'

eters; it is always successful. The second step
c ornpu t e s the airspeed and altitude p r of Ll e ; some­
t tmee it can fa i I , For e.xamplc , if the horizontal
par h is very s ho r t fwd the difference in energy
between inItial 8nd final positions is 18rge, a
f Lvabl e trajectory along that path may not exit.
Ho....ever, a fa t l u r e to synthesize is unlikely in land­
ing approaches Lo i t i at ed s cve r aj miles from the
capture point, the usual situation If it occurs, a
diagnostic message is d j s p Layed rc the pilot indi­
cating the reaSon for the failure. After a failure,
the algor i rhm »u t oma r t c.el l v r epea t s the synthesis
p r oc e s s , using updated po si t ion .md velocity vectors.
AlsD, the pilot call a l va y s correct the failure to
synthesize by flying the a Lr-c ra f t away from the c ap-:
cur-e poi nt. or by selecting :1 more distant waypoint.
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between them is considered fairly r c-pr c-s.cruo r tve
over a wide range of initial Clloditiuns.

'""\-'.'V4

(XI_ V f )

~R.iU3 FINAL

iXC 2, YC21 ,._ POSiTION
-R2U4

Trajectory op t i rm z a t Lon occurs :1:0; an essl~ntial

step in the design of on-board fJightpath rn.ma gcrncn t

systems. Opt Lma l control theory prov i dod the neces­
sary nna l y t Lca I framework for gaining insight into
the characteristics of efficient solutions and ior
unifying diverse problems. However, the .ic r l v.i t i on
of p rac t t c a I on-board algorithms wa s more strongly
dependent on physical reasoning and on j nd i c i ous
s i mp Li f i c a t Lon s of the problem than on cxec r impl,,'­
mentation of optimal-control theory. In pr-acti co,

the c r Lt Ic a I r e s t of an el go r i.thm is not whether it
is optimum in .a ma t he-raa t Lca l I v precise 5('I1Se, but
whether it can consistently ou t perfo rm its corupcti­
tllr, who in this C:lse is the unaided pilllt. Simul~­

t i on and flight tests h.'ivc sliown thar. both the
en route and the r c rratn.r I e.sr c., a]gc)rithm meet this
criterion.

(XI· VI)
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(X3 Y3)

R.iU2
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TURN

!NlTIAl
POSITION

(X,Y,)
,/ --_-:- "­

I R 1U1

I"C, ~
\VC 1)\/ '---..

'\,.R 1U2 \6
~-

Ihl

x

veve rthe l es s , since the techniques d<.,s-cribed
here arc first-generation solutii)ns, oppo~tunities

are abundant for further i rnpr oveme n t s in pcr f or-man ce
and for automation of other difficult pilot ta s ks .
Chief among such tasks .r r e 1'01 lowing behind an aLr>
craft at a specified minimum distance and merging
smoothly into a stream of aircraft rut landing
approach. Attention also needs to be given tel
integrating the en route and tenrd.na]-aH;;l flight­
path management algorithms.

In Fig. i6, the final posi t Lon .m.i the or t g tr,

(if the coor-d innr c system .i r e lora r cd on tiw runway
c cn t e r-l ino however, the der i va tLon is for arbitrary
l oca t i ons , Fn r r hcrmore, all v.s r Lrb Lc-, r c c.l<:'fi!1(,J

Sf' [Jut the derivation 'ipplies t,l nl I p"ssible
combi.n.a t i om, ed- turning d i r cctJ .ns .

The potentia] for computer-directed r r.sj oc r cr y
management in rml Lt a r-v »ppl i c.ir f cos is "'-'idely r cc.r g ..
noaed , but oo -boa rd algorithms t ha t cutpcrfo rrn .tn

experienced pilot in, for ex.rmp l e , typical "ir­
combat s i r.uat Lon s are Lit" more difficult r.o «b t.a t n
In the near term, promising areas flit' :lpplying the
approach developed here are in aut oma t od guidance
of remotely piloted veh Lclcs .md in noncoraba r. fiiii-llt.­
path mandgement.

The expressions f or' e.vntbcst a i r b r Lz.on ta l
capture trajectories for lying an aircraft from
given initial position and hc;rding to a specified
final position a nd heading III ;:i. minimum d i s tanc e
a r e derived b e Iow .

Figure 16;j is for rbe cas<.' in which be th turns
a r e \.11 the sarnc d r Lon , and the r ungcnt vector
D does not crov s in ifib, the t.urn s .r rc in
nppusite d i r cct Lou s , and c ros s es l). ni t fa l Iv
the: aircraft is (It (Xi,'li) in some Iner t ia l Clr-
[esian c\lordinate system with lleading Hi' (ned
as pos i t i v« cLockw i s e from the Xc-axi s , .ind i s
:l unit vcct.or in the d i r-oct j ou of the voloci r y .
The vccr or d is tanca frors (Xi'1' i ) to the cc-n t.or- ,11
the turn is given by lR] \,'11('1'<.' R.] js tile r:Idius
of t u ru , nnd [' 1:,; d unit vccr.o r nee));)! ro
and positive t o the right ,Ii V. Thcr efore,
vcct or frum ,Y i ) ttl r he center (XC ,'t'C)) is

turn and fur ;) Ict c turn.
of the turns arc felr by

c r i r Lng the radius vcc t • r as R S, '" +1
fur right turns and S) fur l e f t turns. Simi­
larly, the direction of tbe fLna I turn is denot~'d b y

S

0' but s Lnc c
Q,. Ljkewi,s~'.

Illgcnt iH\i:'IS
, f) \<1 (\1;1l

k ..S

ReS +

point
rhe

D+ R

'1
b,' fil"'! t.urn i'\j,_b

r.rdi u., vcctr-r

The a i.r-cr.r ft m,,,,,,,s aJ,mg the ci rci r- (rum

(Xi.,Yi) to t hc (X ,1':), wh i.clt 1:>1"
radius vector R v c.c t or- \ rum
(X",Y ) ;H tho turn t » C\ ,1',)
at t ln- beginning oj the fLna I is D.
radius vccro r at eX ,Y ) i s
and l' must i».:' normaI t o 8,
the hcad jn g.,
l rc c'i:jtL\ 1.
h,;cldin.,; 11)

The turns are arcs of circles .rnd the s tra j.gb;
portion of the t r.s j e cr or-v must be tangcr.r t.o the
Ln i t i a I and final circles. Since the initial and
final turns may be either r j ockw ise or couru.or c l . c.k­
wi s e , there ilrc four possible comb Lnat i ons of turn­
ing directions, tWO with tile initial and final turns
in the same direction .md two with tl,cm in p\>pnc;ite
directions. Figure 16 illustrates one solutiil"
each type. If a given pair ot c Lrc l cs i s en t i r-e l v
separate, that , if nil c a r r of ,'tie circle lies
",ithin the other, it is possible tc raw fou[
gent lines between the L Howeve r , vccror
,!long the tangent line rom the i n r r La l La the fi;:\1
circle coincides ci t h t.he .Jt r cct Lo» (If rc It it

both tangent poi rt t s l y one
Jines as shovu in the fi'::,l.:rc"

!j



and, therefore, since 5 and 0; are perpendicular,

n

where by de f Ln i t ion

(A2 )

D cos H:;, . (XC, - XC1) + (R;S; - R15 1 ) s i n H,

D sin 11; . (YC; - YC1 ) - (R;S; - R1S1)cos H,

(A 12)

Q (A})
Equations (A12) can be solved for the tangent of
H7 :

Equations (A6)-(1\9) and Eq , (A13) completely specify
a capture trajectory for any combination of 51 and
5;. However. the length of the trajectory is also
needed in order to determine which of the feasible
trajectories gives the minimum distance. The first
turn angle is

It can be seen frol1l Eq , (A2) that no real solution
exists if Q < R;,S;, - a.s ,}. When the turns a r e in
opposite directions. 5 j "'- -5%. and there is no real
solution for Q c (R, + R,,). that is, if the c f r c l e s
intersect. On the other hand. for rotations in the
same directions, 51 '" 57' and a r e a l solution exists
unless Q < rR} - R1 • that is, unless one circle
lies entirely within the other. from geometric
construction it can be shown that there always exist
at least two real solutions. from the definition of
the radius vectors. one can write for the real
solutions:

- YC1)D -

- XC1)D +

(RzS z - R1S1)(XC;

(RzS; - R1S1) (YC:

- XC 1)
- y(

1
)

(Al3)

sin
(M) where

cos

(AS) and the second turn angle is

where

(A14 )

(A16)

(AIS)

Finally, the total length of the capture path is

(A6)

(A7)

fwd

C -
Xi )Rj

XCI - y.,
Equating Eqs. (;\4) and (AS) gives

XC} X, - R,5 sin Hi

ye
l Y, + R1S j cos H.,

Simildrly,

XC; X ReS; sin H
ff

YL Y R;S; c os Hf[

•

The radius vectors a t the tangent points can be used
in the s amc manner to compute the components of
x. and X3

x~ XC + R., sin H~ (A8a)
~l

Y YC l - R1S 1 cos H; (ASb)

X, XC, + R;S. sin H: (A9a)

y YC; R S cos He (A9h)1

Turn-Turn-Turn Trajectories

There are at most four turn-turn-tun1-type
trajectories for the horizontal-capture problem;
namely, two each of the right-left-right and left­
right-left patterns. However, we eliminate two of
them by requiring that the middle turn exceed n
radians. 13

The problem is illustrated in Fig. 17 for the
right-left-right pattern. The vectors in the figure

Subtracting (A8a) from (Aca ) and (ASh) from (A9b)
gives the, components of 5:

-e - X; xc xc1 + - R1S] )sin H7no

(Al0)
y

1
~ Y, YC< - YC - (R;>S? - R1S1)COS H;

Another exp r es s i on for the cornponen t s of 5 is:

X3 X, IJ cus H;
(Al 1)

Y - Y D sin H.
1

Eqlhlting the c or r-os pond Lng pairs in Eqs, . (A10) and
(:\l!) gives SECOND TURN

Fig. 17 Turn-turn-turn case,
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nr v cll'fined ;l:'i heforc, rc-cogn Lz tng th.r t in this CdS,
S '" S:' '1\, snr f s Iv tlh_' r-oquircmcn t that the rni ddlc-
turn ~':-.;cceu rnd ians , its center raus t he on tlu-
oppos i t.e s i dc of Q fr"111 the ;;trdi~ht segment i)1
the right-,;tLlight-right sol ut i on sh,j\~n (dr c"mpdrj­

s on , Fur rlicrrso r-e , no threv-.lre ;;pluti"n "xists (ur
Q R + R + :R c

{

" i'

j 11 (It li)c;

Let
t.cxt , :InU
.mg l e, fL

ill{ be the 1wilding (If
UL' ln~ a \jnit veerl)r

;loS [01 1('ws:

d(,finhJ in th~

w i t h hedding

whert'

il{ u

H + Sq }'

Then V is perpendicular
direction 01" flight where
ur the initial turn. lor-m

~ ilnd poillts ill till'

intersects the ci r,
the' ];lW (If cosines

i'lw r o taI

C {il it

1 if (IL,

H j:-.

+ R )
(.\ 1 )

The d i r cc t j on of turn is accouu t cd 1,

w i th tl.c ~hurtL';,;t iC'!\F.lh i'O ",;,,],,( r c-d, FORli·L\'\

lis t in a \) tl«- .rla.v r i rhrn md ,..;,':n~ iii]' it r t i on-, .n-,
~d\'c'n i n I~,-,f is.

+ (R

(.us B' (,\ 18)

by dl.·fil'iI1}!

Tlle
1 i rs

n g th u!

S end S
L L; jc'" ror j pc-;

is { %putc·;j

1 ii' c.' ; ih l c­

'Inc! l1a- t.ril,·(t"f':

S . A' (.\ I 9)
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"-----------,~--

lrcm the dc ILn Lt Lcn of !L .md t11(' vrpnti'in,..; dcr Lvc-d
p rev Lous l y

L'sing thes e d r-f f n Lt.Lon s it rnn be s('('n fro];! the
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