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OPTIMUM FLIGHT PROFILES nll{ SHORT HAUL i'HSSIONS

Heinz. Ersbe rger , John F. Barmau ;» and John D. He Lean

Ames Res ea rch Cent er, NASA, Hofter r PLel d , Calif. 94035

ill) e.Lgor t t.hm , based on the el'i(,:t'i';;!-e;tate method ,
_~ ter tvec -aj.ccjat.t ng cntImom t.r-aj ect.cr-tes wIth

a range onst.ratrrt ,
the aasuerpt.Lon that

I'nc bas I s the a.tgor i t.hm L~:;

r)p"tin: im t.r-aject.ot-tea v-ons tsrt of.

renge , km
t.ot.aj tescerrtc-enge , kn
t,ot!iJ c Heb ranae , km
rr-ac t ion of' .te scent range

at most, three ;3PCj.i;::nts: 'in Inc reasing enerzv ''leg~

w;nt (climb); a constant erJ(-'rgy "C'gJH'l1t );
n decrees Lng enertZ'! segment (descent. 'T'hi:3

assumpt icn e.Lrovs eu:,rgi to 1:)(: used 8.f,; the lndenen- o
dent variable in the increasing and decr-eesIng
eners.{ scgroent s , t.her-ebv e Llminatins the i nt.em-a- 'Tv
t.Lon 11 scpar-a'te edj of nt d i.rrer-errti.e.I equation
and s tmp Lt fyi-ng t.he ce.Lcut.ue of var tet.tons problem
to nne requiring only- potrrt-wtse ext.remtz.atl.on \,[
a.Igebre.ic runct.i cns . 'I')v·: e.Igorf.t.nm is 11;;0(1 t,· com-, h11,>

pute minimum fuel, mtnf.mum t.tme , end minimum d.i rec t-.
opere.t i.ng-cos t t.r-aject.cc-Les , wi t.h r:mge as .01, naram- Y
e t.er , for an in-:;erviee (:':L'01, at r-cr-ar't. and for an i';1-'::

advanced :3Tn' ai r-crer t , For- the C'l'OL at r-cr ar't end \+

th'1 minimum-fuel rerformr·mce function, the on t imum
-cnt.roj.s , ccnsLat.Ing of' aLr-speed and eng-ine cover'

set.t.Ing , -'ire cont Inuous runct.tcns of the ene,'!!y in
both r-Lirnb and descent. as well '13 near t.ne rnaxtmum
or cruise energy. This is a.Leo true for t.l,e ~3TOI-, f.
af.rcr-e.rt. except in the descent vnere at one energy \*
level a nearly constant. energv (Eve segment occurs ,
yielding a dtecontInut t.v in the ei.rspeed at that
e-ner'gy , The reason for t.ht s e.eement. appear-s t, be p
the reLatj ve Iv bi gh fuel. flow at. dLe nm-,ef' of the
engf.nes used by t.ht s ;:1'YI; e.t r cr-e.r't . Use of' H :~imnJl-

fieil t.r-aject.orv vhtch e Ltmt.nat.es the dive Increases 10

the rue I consumption of the total descent t r-af ectorv
by about J C percent and the time to I'Lv the descent
by accut 19 percent conroared to the ont.Lmum.
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"'mn.x-of

refers to t nr- max.tmum

,
choice

Here,
t.ekes

p):1nimizing \ at as noted above . The remat n-,
i ng two prublems are minimization of the two
integral cost terms in equation (16). They are min
imized by choos tng ncve:r set.tLnas nnd airc1f1eeds a.s
functions of E so that each of the two integrands
is minimized at all values of the Lndcpenderrt vart-.
ebIe Ii: throughout its Int.ero-at.i.cn interval. The
rnt ntmt zat.Lon of' e-ach t.nt.egr-and ",'Cut obcv different
{constraints the ccnt.rc.ls , nerne Iv , Il and V must
b'2 such (; fer the increasing ene r zv seg-
ment and 0 for the decreasing one. in eddt t.Lon

met.r-at nt s on the power set.t.tng and air
the energy. These mi nimtza-.
ensure that ,J is mtni.mum ror

If we aesume for the moment that ls
known, then Eq , (16) CM be minimized lJY
thr-ee tndenendent. e.Lzebr-e.ic minimizations. 'rhe
first oot l cu se s cruise ccnott.tons and cons i.s t.a of

oi

(cr-u.lse
11:) that

since Hc' cr-ujse e r r.tci encv shnuldbe
"'hosen as nrca.Lj -S,S »os s fbIe in the er-e cess of mini

(1?), (lId.
eque.t.tcn :

(10)

+[
dn

is th e time fit rJ1C end

(ep -'r i '",. dn up'

+

j.s tne dfet.ence spent in cr-iu.sc
FlS the cr-ui.ee e r.rf.ct encv , L:,:; evnJ_ 1_

l:l.3e pnerp;:r usi ng the relatlonshi!:'

Optimum t'L'i ght. pat.hs for t.ne rorcb'tem ;lef1ncd
here conet s t of three segments at most; in the
first, ener-gy Inc re aoes monot.cm ce.Lty , in tne
second it ts constant along vt uh the velocity. and
in the t.h i r-d it decreases monot.ontcaLf.y vt th vttme ,
'Ihe resu.l t t ng flight paths may not be optfmum for
the ps-ob Lem an or i gina.lLy c t ated but shcu.td be ver-,
nearly so for most problems of interest.

of the increasing energ;{ segment, and Tan is the
time at start of the energy eegment ,
'1'110, rate of change of energy. , is given by Eq . (6).
Since e.Li-speed is constant in crutse , the middle
terril corresponding to the "Y"di::"e ccs t can he
expressed rUJ ro Lj.ovs :

boundary value of tid" lYJee lin..s proven to
b~: di rfic"-'lt. dee or i bed a procedure for
eLmpl i f'y'i ng the t'';O-POdlC boundary ve.Iue problem
in the energj'-::,;tate formulation. In t.hj paper, an
r'l__s sumpt ion about the st.ructur-e of the optimum flight
paths Ls s imtLarIv used to eliminate the need for
the adjo i nt. equation. The ass umpti on is as t'oLl.cva:

To shew how the es sumpt.t on ct mp.Lt ries the com
put.at.Lon of opt.i.mum flight paths, Eq , (11) is vr-t t.t en
as the sum cr coat.s of the three segments :

tence P

(;fl (HI
, (~8",1)

Le the cr-u'is.e e.i r-speed, The cr-ui se dis
is given by

where



,
ti cns , However, the continuity of the oct.Lerum con-.
t.rc l s at depends on t.he ae rodynamf.c r-hai-ao-.
t.er-tntt cs eaoect e.Llv on the re Iattcnsht bet.veer,
thrust end fuel "Lov , "n parti('llar, it ie not
gener-e.LIv true for the :ienendencc often
e.srs uneo in earlier vork , '

reLat.t cneni o tHus t.rnt.ed by ',''if!.. l n ,.;hich
1 c', nlot ted the Locus of cot.tmum controls cbt.atned
rrcm Eqs, (11)) and (19) as n runc tion of F It is
neen that. the tvo br-anches of the 10cus conVf:rtZ(0 to
the controls oot.a.lneo from Eq , (17) for ,'X'uise"rtt

riut't;herm\ r'e , it CiJn be shown by eneIvst a
pojvnomlal that the or-acket.ed

t.i es in ( (1Q) have 1.1 local minimum at
',ith Te,;ncct to aomt s stb Le ccnt.r'o.I varta-

(14 )
~ and (J

(Xl)

'hSC ~ the derive
c an be comnnt/:d (:,):;

1'U1e and Eqs, (:12) ~ (1:)
respect to
us i ng Le tbnt
t.tn-cugh ( l :

Subs t it.ut i.ng ,:1) into (::::0) yields the
s-l eml.t fi ed form

E -)-
quant. Ltie'
LHEe, >\12.1y

both the n 1n( ,(·\,1;)X':3 and dencu nat.or-s the br-acxe t,ed
(Ie) and (19) can aopr-oecf zer-o 3'"01)1-

yields
RS \,*

the

In perrcrrmng
ccnt.z-oLs noted neil from l',QJ3.

used, The runge-ener-gy r-e La-

+ p

+

+

cn~;hj o bet.veen opt.lmum cos t and
e obtained:

the ont.tmum
(19) mus t IH'

p(

y Liltegrating
the r-e I at;

cr-utee Jt s t.ence can be opt.teum on Iv
the minimurn of (2), which :1.S
in vi.!r. 1. "tue result is cons! s t.ent wi th
results other vor-ke r-s , e s c..; ScbuIt.a and
7Jii:!,81:.;ky. If 'the rrmp;e is Les s than some minimum
vaj.ue , the ma.x-i rmnn energy the flight n-ith Hill

>•••:!.,:,.~l.] 1.•,r:~.:~..',:~"O~"... ~.h>,~.>.»' r'~~Y>,,;ttmum c.ruf.se ener'ev.In t.hat cnse
',~ .>:~,., ,'-". zero cr-uI e e dt st.ence '".'.

""h:LS ract si.mnlf.r.i.es computing the re I -rt.i ons h-lr,
bet.veen P end s'or each chotce
rar-et. ':con-mutes ) and then

j.Lmtt runct.tons ar-e equal in
t o s xrzn, Moree]" r,'d Emnx

the r-e f at.t.oneutps :

in the next section. wtrat., the
has the genere.I shape shovn tn
runct.t one "on obey tIle

, '/
re , min

;,pccial c} er-ac terf.st.t ce that have been observed in
con.put.at.Lens and can be verified. aneLyt.i cnHv us ing
poIvncmt aj r-epr-csent.et.Lcns for t.he aer-odvnamtc and

)r j he t.vo t.voes

peper , the runct.t oms

'" Arg. min
• 'j

lim
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i g , :5 Cruise ooer-et.tnc ccs t erfl l.en
e.ircrart,

The c Ltmb and descent • '~ime, and fuel are
cetcu.tat.ed by integrating Eqs , ) anc the ro.I'tov-
i ng two equations using the t.rapeac ide.I rule:

In computing the optimum climb and descent
, dynamtc pressure q is Ltmttec to 35

11 ,the e.l.t t t.ude is constrained to be Lar-ger- than
zero, and the actual engtne power setting is bounded
from below by 3.95 k rpm. For 0,2 ;;; 1, the
power sct.t.tng is limited to max lmum climb 'which ts
modeled 0.,1

fixed t's.t1p:e

r-es ti-Lcted6t was studfed, H' ;\t ~ S

t.hen 15 sec. rather than 30 Sf c , then t.he
and fuel of the mt sst cn for a

D.V' on Iv O. 3 -oer cerrt ,

resneet to
to be less
total time
are changed

Figure (') ShCHS cot.tmurs climb end descent re.jec-.
1. n a.Lti bude-veIoc t ty coor-dt nates for nri nImum

fuel 1), minimum time (0 '" 0), and. an Int.er-.
mediate value of "'" 0.5. Per- each of t.be three
va Iue s of 0" oot.Lmum t.r-aj ector i.ee cor-resoondtng t.o
dt trerent total ranges are plotted, vl t.h the r-anee
indicated on each t.r-aject.orv , For each value of ';.
the t ra.ject.crv with the largest value of "max L,
-UF~ ootl mum t.z-aject.orv corresponding to the smallest

with a nonzero cruise segment. 'I'ne D .s-.
cruise points tire also 3110wn in figure

Ncte that the velocity altitude profile at ;;;.il1hX J.S

continuous for each ont i mum t.r-e.tect.orv ,

"t aure '( »Lot.s altitude vcrs.us rflnge sevei-aj
cct.Lmum t r aject.or iee , each for a different 'In-Inc.
AlI t.r-e.ject.or tcs cover a r-ange of EOo len. '\8
epproecbes zero. the optimum cruise alti tude
decreeses while the rpJ1ge coveY'cd in the c Hmf
tra;j ect.crv t ncr-eeses ,

(36)
'(.62 km

climb
max.

For 0 ;;; 0 .::: O.t:, Wt' to near min i raum-,
time missions, the is jImited to maxi-
mum cruise during entire flight profile. '1'1:118
limitation will exclude prolonged operation of the
engdne at mextmum e.Ll.oveb.Ie power setting vhLcb ,
from the point of -rs.ev of C03t . -e: med nt.enence , might
be undes i rabj.e ,

I
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Fig. 7 Altitude-range profiles, CTOL aircraft.

'The atrruct.ure of minimum time f1ight profiles
can also he derived from the observation that the
function to be minimized at each energy level is
[l-(V/VF, )]/IV(T-D)I where VF, =1/\ lathe

max 'max
velocity associated with the maximum ener~f of the
particular trajecto~J. During descent, if
If < VEmax' the minimizing value of the power setting

is at idle; on the other hand, if V > VEmax, the

mlnLmlsfng value is the maxueum power netting.

idle (see figs. 6 through 8). In addition, if the
range to be covered is larger than 457 km, a cruise
segment at '!C "" 226 m/sec and He ""' 10 krn will be
present.

Minimum DOC Profiles

It has been found that irrespective of a given
range, the minimum-fuel flight profiles can be
replaced by approximating traJectories that consist
of only two eegment.s : (1) a climb at maximum climb
power setting and 152.5 m/uec equivalent airspeed
(FAS) and (~) a descent portion at idle and 128 m/sec
(BAS). 'I'he change from the c Lt mb to the descent por
tion is made at an energy level which gives the
desired range. The t.ot.e'l fuel consumption aasocI-,
ated with the approximating trajectories is about
1. 5 percent higher than that of the mi n i rnurn-f'ue L
fliGht profiles.

Minimu.'11 Time Profiles

tttnfmum time trajectories, which correspond to
G ::;; 0, are shown in figures 6, T, and e along with
trajectories for the other a values. For this
case, figure 8 shows that power is either at idle or
at maximum. The svt t.ch from mextmum to idle occurs
in the decreasing energy regimen when the airSpeed
has decreased to IfF-max' the airspeed at the mexfmum

ener~r point. During a part of the descent the air
soeed follows the design dive f1ight placard of an
EAS of 238 m/sec.
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Fig. 8 Percent throttle setting versus percent climb
or descent r-ange covered vt.th an 800_km fixed
range, CTOL at r-cr-at't.,

iver-t et.Lons the same methods
!'drcraft as for t]v;
usee is result

By letting distance be a parameter, a spectrum
of optimum trajectories from mtrnmum time to mini.mum
fuel may be obtained as o is varied from Zero to
1. The time-fuel tradeoff generated by this spec
trum is plotted in figure 9 for several distances.
It is characteristic that these tradeoff curves
approach a horizontal slope near 0 = 1 and a verti
cal slone near 0 = 0, Given the relative dollar
costs of time and fuel one can use Eq, (5) to calcu
late the value of 0 < o < 1 which will minimize the
DOC. In addition, if the r-ange is also specified,
then the time and the fuel can be read from figure
9. As an examr,le, assume 13.2 cents/kg ~lel cost
and $300/hr time cost, tyei cal cos t.s for the coer-a
tLon of' t.h.l s particular aircraft. Then the ccr-r-e
epondt ng vs,Ine of will be 2/~3. 'Phis 'J ve.Iue
falls i-oughIy on the knee or t.t,e cc not.ant. rp~Dge

t raceorr curve of figure 9.

'iminaJ'Y de sip;n s-tuov , -; s Isroor tarrt to note t.bat

8.c1:-,;,"",J. ncmertcal values presented m::LiZ;ht be sub
teet tc cons Lder-eb.Ie revts ion in the future. 'veve r-.
theIee e , the r e nIts i;ervc" to LHus t.r-et.e the effects
'4h1 eli e.r-e pecuj ru- t.o an at r-cr e r't equincp·d for the

two

Ls the equivalent fraction

tn1..,jectories corresponding
of t.hrot.t.Ie setting Lj es

The s ame not.et.i.on is

tr-aj ectcc-tes -onsI 'it. of !:1ccc:·1
:3\");:e<1 vlricf te neRYly

at next mum -vex
"'r11:1 en the cover set.t.t ns

',110'. ',x,::\ a elc<> ent eft

oot.tmum

R and R
up ndn

1:112

cor-t.Lon the

Normalized throttle variations versus norma-
lized range are plotted in figure 3 where is
the actual rotor revolutions in krpm; Il , '1 "" 3.95
., . t . '1 t.h t.tL t~' 'f l.el e ."rpm 1.3 ole 10. e rrot; e se ',l.ng; "max 1S maxmrom
climb throttle setting for 0.2 i 0 ~ 1 and is the
maxtmom cruise throttle set.t t ng for 0 '1:£. 0.;>';

ist.he dtct.ance from the maximum energy point

The intersection 01' these curves with the
setting axis corresponds to the cruise

throttle setting. It is seen that as o·j.- 0 the
J'r-acr.Lon of the cjuno range cover-ed at maximum
t.hr-ott Le set.t i.ng increases and. the fraction of
:Jescent range covered at idle throttle set.t tng
tecr-eases . This is expected !.lS time i q vet.ghed
more al1d fuel less in the performance index. 'The

8
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the t.ruject.cr-Ies appear to approach the constant
energy transitions encountered in other studJcn. 2

The steeply diving portions are probably
caused by the high values of t'Lt gtrt-dd.Le thrust.
and hence fuel flow to the engdnes providing
powered lii~ for this STOL aircraft. At low alti
tudes, where the fuel consumption is high, fuel
usage is minimized by descending at high speed and
then decelerating to the final ener!!,'] as rapidly as
possibleo

The high speeds at low altitudes Ilnd the large
tece Ier-at.Jcns and flight-path angles encountered in
the descent are unacceptable for pe~0enger aircraft.
One possible constraint, which provides an accept
able suboptimum t.r-ejec'tor-y for approximating the
mi rri raum-f'ue L case, in illustrated by the dashed
lines in figure 12. For ascent, the indicated at r-,
sp~ed was restricted to a maxiwJL~ of 130 m/sec (250
knots) end for descent the limit was chosen to fit
the envelope of the upper- portions of the descent
segments. This limit provides fairly smooth transi
tions between the constrained and uncons tc-afned
por-t t one •
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Fig. 13 FueL and time requirements for fixed ranges.
STOL aircraft.

speed segment during descent. A less severe speed
constraint for descent (e.g., the one used for
ascent) would provide a cost nearer the ont.Lmum if a
satisfactory transition could be made to the optimum.

'fhe minimum-time profiles in figure 12 are sim
i Lar- to those shown for the C'I'nL 8.1r cr-af't , 'The
longest range trajectory (1064 km) just reaches the
mtntmcm time-erui se energy. The hor-I zont.e.I por
tions result from constraining the altitude to be fit
least 150 m; the initial and final energy levels
were 1. ') Jon, MaxImum thrust is r-equt red almost
during the entire trajectory~ except during the
final horizontal segment for V -: Vc when it must
'be at flight-idle. 'I'he maximum dur-Ing descent
is limited by t.he drag Lncr-ceee Mach numbe r
rather than by a control constraint. The reagnt.t.ude
of the flight-path angle never exceeds Le.

Since the ascent portions of the optimum and
constrained trajectories are almost identical, it is
desirable to compare costs only during the descent
portion. The lower airspeeds in the constrained
t r-ajectory resulted in lower magnitudes of flight
path angle and energy rate, which in turn produced
a larger range and longer flight time for descent
from a given maximum energy. For the case of the
max.i mum energy equal to the op ttmum cruise energy,
the ranges were eque.LLaed to 891 km by adding an
appropriate cruise section to the cpt.Imura t rujec.tcr-y,
In this case, the constrained descent required about
10 percent more reeL and 19 bercent more time than
the minimum-fuel cruise and descent covering the
same rangf'>.

The fuel and time used fen> various ranges for
the mt ntmum-f.Ime , mtrrImum-cruej , const.ratned-.
t.ra je c tor-Lee ar-e plotted in fig-ure 13, v l tb Uk

atrcr-e.rt, 'Pee er.recus -,I' cons t r-efnt ng etr-.
speed ,D t.nc Lntenoa-ruej cer.e lire shewn the
lashed Line i u ri gure J30 The -'-;·nstnijn1; tncreases

By usIng the at rcr-e.rt.' e total energy (kinetic:
~j\" pot.ent.t a.L) as the i ndependent var t ab Le in the

c jimb end descent segment.s , an efficLent alp:or"ithm
has been deveIcped for computing rfxed-o-enge ~'''' im
tn-e.ject.crt.es fer "hcrt-hrrul aj.rcrut't., The coed "'r->Y1_

put.at Lcnaj efficiency (':1' the algorithm makes -; +-

at.t i ac t i v« fer »so-enet.rfc s tudtes 8..2 ve Lj. as fOJ'
coest bte en-board tmpj.enent.et.i cn , :n1::.r;lsptq:::er.
1',1,,<1 cost end flight y'ange were se j.ect.ed a s om-am-.
ecer-s ru:;.d u,~(:,d to (>U1T;:y·}·t/~ oct.tnrcm t::l.me-i'-:wJ t.r enec 1'1'

cur-ve-s forl'HX'.P/~~' ',ndi"':it> (1
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-ur-vo fur the i.n-eer-vt.ce ::'1'0:;:' afrc ra..ft. >JJ:'j
cu.r-ve s can help an e.l r-Ll.ne in determtntnz the oes
up".'" at, ng st.r-at.egy Ln-per tcds of' fluctun.t ing rue 1
prtces , The op t i.rnum t.r-e.jecbor l es for 'both the ~'F"-'

and S'I'OL at r cr-a.rt er-e cbaruct.er-t zed :jY the acsence
of a cruise segment un.Les s the range of the mission
exceeds e minimum ';"clue. For the C'I'Of, aircraft, the
optimum controls, consds't i.ng of airspeed and engtne
pover 'letting, were smcot.b runct.Lcns of the euer-gy ,
'ther-eby y'i e Ld.ing flyable, t-hough nons tundar-d, t.ra
.tectort es , However, add.i t.t one.I work is requt red to
de rj ne the on-boar-d eli ep Lay s , computer". and huto
pi] ct. nevIgat.Lon sys t.em interfaces required t'or the,
ptLot to be ab Le to fly t.he opt.Lmurs trajectories.
For the STOr, cd r cre.rt , the at r speed WiS nearry di s-.
continuous with r-espect. to ener-gy e.t one ener-gy
18'7el during the mt ntmum rueI descent., Under the
vor-s t condt.t.i.ons , ej.Lmtnet.Ion of the steep dive,
r-equt red to fly such c~ descent, tncr-eased i'ueL con
sumpt.ton by 10 percent mid the ' )V;" to fly by
ne-recnt compared t.o the opt.Imum descerrc t.t-e.ject.or-y ,


